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Abstract

This thesis is a detailed account of instanton counting, a technique that applies equivariant local-
ization to transform the instanton partition function of an N = 2 supersymmetric gauge theory. The
partition function is initially given in terms of equivariant integrals over resolved instanton moduli
spaces and is transformed to a sum over partitions. We include a chapter on equivariant cohomol-
ogy to provide the necessary mathematical background and make the treatment self-contained. In
the last chapter, we discuss more recent developments in this area of theoretical physics, namely
non-perturbative Dyson—Schwinger equations and gg-characters, with particular emphasis on their
connections to representation theory.
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1 Introduction

Instanton counting, developed by Nikita Nekrasov in [Nek(03], is a technique of evaluating the instanton
partition function Zjns of an N = 2 supersymmetric U(n) or SU(n) gauge theory. Nekrasov used the
formula for Zj, obtained by instanton counting to give an expression of the Seiberg—Witten prepotential
[SW94; Nek03], which is the limit limg, ¢,—0 €162 log Zinst(a, €1, £2). Our objective with this thesis is
to give a detailed account of instanton counting and to present and clarify the more recent developments
[Nek16] of non-perturbative Dyson—Schwinger equations and gg-characters in the setting of quiver gauge
theories.

We start in Chapter 2 by introducing the mathematical background on equivariant cohomology, char-
acteristic classes and K-theory necessary for a treatment of instanton counting.

In Chapter 3 we will initially discuss some gauge theory background and define and compare various
notions of instanton moduli spaces. We then perform instanton counting, that is, equivariant localization
on the resolved moduli spaces, for pure U(n) gauge theories and for quiver gauge theories — both in
cohomology and in K-theory.

In Chapter 4 we will apply a non-perturbative transformation property of the measure obtained from
instanton counting to construct specific quiver gauge theory observables known as gg-characters — a class
of random rational functions. These gg-characters satisfy non-perturbative Dyson—Schwinger equations,
meaning that they have non-singular expectations. They admit a geometric definition by which we try to
relate them to representation theory, conjecturing a concrete relationship to the g-characters of quantum
groups.

After the conclusion, we include two appendices: Appendix A on partitions and Young diagrams is
best read before Section 3.2, where these concepts are first applied. Appendix B covers Dyson—Schwinger
equations in quantum field theory and random matrix theory. While not essential for understanding the
main text, it offers context and explains the terminology behind the non-perturbative Dyson—Schwinger
equations.

Instanton counting

Our starting point will be the definition of the instanton partition function,
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as a generating function of equivariant integrals over the resolved moduli spaces of instantons, Mt (n, k),
first defined by Nakajima [Nak94b]. The integral fam (k) 1 is the equivariant integral of the identity
element in the equivariant cohomology ring H3.(M(n, k)). Here T is a torus group acting on the moduli
space M (n, k). Unlike ordinary cohomology, equivariant cohomology accounts for this group action. It
will be the topic of Chapter 2.

In Chapter 3, we will show how to compute the integral fsm (k) 1 by applying the equivariant local-
ization theorem 2.15. This transforms the integral into a sum over the set of T-fixed points in M (n, k).
We will identify the fixed points with n-colored partitions A € P(n, k) of size k where by n-colored
partition of size k we mean a vector A = (1!,..., ") of n partitions whose sizes sum to 2oy 149 = k.
Instanton counting is the process of applying equivariant localization to the integrals in (1) to transform



the partition function into the infinite sum
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where Z) is determined by the T-representation structure of the tangent space to 3t (n, k) at the fixed point
parametrized by A. In the form (2), we also refer to Ziyg as the Nekrasov partition function. Because we
integrate in equivariant cohomology, Zins (and also the summands Z;) is a function of the equivariant
parameters, by which we mean the coordinates on the Lie algebra t of the torus 7. These are denoted
by a € C", g1,&, € C and physically interpreted as the Coulomb moduli and the parameters of the
Q-background. The partition function is then a function Zjg(a, &1, £2).

We will perform instanton counting for a more general class of gauge theories, the quiver gauge theo-
ries. These are determined by three pieces of information: First there is the quiver, that is, a directed graph
v. The gauge group is determined by a coloring n assigning an integer n; to each of the quiver’s vertices.
This defines the gauge group G = X; U(n;) of the quiver gauge theory. Unlike the massless theory in 1,
quiver gauge theories contain matter fields. The matter fields are described by a second coloring m. The
instanton partition function of a quiver gauge theory will again be defined as the generating function of
certain equivariant integrals over the theory’s resolved instanton moduli spaces. Here we integrate not the
equivariant cohomology ring’s identity, but rather the equivariant Euler class of a vector bundle B over
the moduli space, defined in terms of the quiver and the matter content m.

Non-perturbative Dyson—Schwinger equations and ¢g-characters

In quantum field theory and random matrix theory, Dyson—Schwinger equations are essentially integration
by parts formulas applied to the partition function. These integration by parts formulas can be seen as
a consequence of translational symmetry of the integration measure (more generally; parametrization
invariance of the integral), as we discuss in the appendix B.

The measure defined by the Nekrasov partition function

Zinst = Z Ha, Ha = q'tz,,

A a partition

(here in the simplest case, with only one random partition) has a similar property. As the set that the

measure is defined on is discrete, there is no notion of continuous translations on it. Rather, we consider

non-perturbative transformations, where a partition A’s size gets increased by one, by adding a box to its

Young diagram, thus turning it into another partition A,. The non-perturbative Dyson—Schwinger equa-

tions arise from the transformation property of the measure under this non-perturbative transformation:
Ha, 1
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for certain rational functions Y (x) which are random by their dependence on A, and a particular x;, € C
given by the box we added to the partition 4. One of the Y-functions in the denominator of 3 has a zero at
X+, and the other has a pole there. The non-perturbative transformation of the measure 3 then tells us that
these cancel each other. From this we can show that certain Laurent polynomials of the functions Y (x)



are non-singular. The simplest example is obtained from (3) by rearranging to

Res (10, Y(x +&)[14+] = — Res A.
X=X4

x=xy Y(x4)[1]

Using the fact that the poles of Y-functions correspond to boxes in Young diagrams, they may be desin-
gularized by summing over A and A, to yield an equation for expectations (cf. Proposition 4.3):

q
Y(x)

<)7(x +¢e)+ > = polynomial in x

Equations of this type, arising from transformation properties like (3) (which are more complicated
for other quiver gauge theories) and first introduced by Nekrasov [Nek16] are called non-perturbative
Dyson—Schwinger equations and will be a main focus of Chapter 4. The random Laurent polynomials
in Y-functions (like Y(x + &) + ﬁ) satisfying Dyson—Schwinger equations, i.e. having non-singular
expectation, are called gg-characters. They admit a geometric definition in terms of integrals over quiver
varieties as well as potentially an algorithmic definition based on adding Y-functions to cancel the poles
of other Y-functions.

The gg-characters present a remarkable connection between quiver gauge theory and representation
theory: When a theory’s quiver is a simply-laced Dynkin diagram (i.e. of type ADE), we associate to it
a simple Lie algebra. This Lie algebra can be deformed (in two ways, cf. [Dri85; Jim85]) to a quantum
group — which is not actually a group but rather a Hopf algebra. To study the representation theory of the
quantum group, Knight [Kni95] and Frenkel-Reshetikhin [FR99] introduced the g-characters, general-
izing the ordinary notion of a representation’s character. The gg-characters, which arise in quiver gauge
theory a priori without any direct links to representation theory, are believed to be a deformation of the
g-characters of suitable representations. We will give a precise formulation to this conjecture and lay the
foundations of a possible proof using the geometric definition of ¢g- and gg-characters in terms of the
equivariant topology of quiver varieties.



2 Equivariant cohomology, characteristic classes and localization

In the category of G-spaces, i.e. topological spaces with an action by a topological group G, G-equivariant
cohomology is a natural cohomology theory accounting for this group action. It originates in the work
of Armand Borel [Bor53] and Henri Cartan in the 1950s. In the 1980s, equivariant localization was
developed by Duistermaat—Heckman [DHS82], Berline—Vergne [BV82] and Atiyah—Bott [AB84]. It can
be used to simplify integrals over manifolds with torus actions to sums over their fixed points.

Equivariant cohomology’s significance in physics derives from using equivariant localization to sim-
plify path integrals. The first such application was by Witten in [Wit82]. A comprehensive overview of
the use of localization in quantum field theories is [Pes+17].

In this section we present the two main constructions of equivariant cohomology theories, the Borel
construction which is for general topological groups and spaces, and the Cartan model which is an ana-
logue to de Rham cohomology for manifolds with Lie group actions. We will also introduce equivariant
characteristic classes of equivariant vector bundles which we then use in our discussion of equivariant
localization. One of this thesis’s aims is to retrace Nekrasov’s procedure of instanton counting [Nek03]
which is the application of equivariant localization to the path integral of an N' = 2 supersymmetric
gauge theory. That will be the goal of Chapter 3.

2.1 The Borel construction

Throughout this subsection, X is a topological space and G a topological group acting continuously on
X. Equivariant cohomology is meant to capture the topology of the space modulo the the group action.
A naive approach to this would be to simply study the orbit space X/G. This, however, usually doesn’t
have the properties one would like it to have (for example the orbit space may not be Hausdorff, locally
compact, compact, or a manifold, even when X is), so it is replaced by a ‘ ‘homotopically correct’” version,
called the homotopy quotient or Borel construction.

Recall that a topological space is called weakly contractible if all its homotopy groups are trivial. By
Whitehead’s theorem [HatO1, Theorem 4.5] weakly contractible CW complexes are contractible.

DEFINITION 2.1. For a topological group G, a universal bundle EG — BG is a principal G-bundle with
weakly contractible total space EG. In this case BG is called a classifying space for G.

It is named so because for finite CW complexes X the pullback f*EG by maps f : X — BG defines a
bijection between isomorphism classes of principal G-bundles over X and homotopy classes of maps X —
BG [Ste99, §19.4]. In [Mil56] Milnor gave a construction of universal bundles for arbitrary topological
groups.

As EG is a principal bundle, the fiber-preserving right action G ~ EG (part of the structure of the
principal bundle) on the total space is free. Hence, defining a left action on the product space EG X X by

g (e.x) = (eg™', gx),
(here e is an element of EG, not the neutral element of G) this action is free as well.
DEFINITION 2.2. The homotopy quotient of X by G is the orbit space

X = (EG x X)/G



with the G-action on EG X X defined as above.

This definition depends on the choice of EG. However, two different universal bundles result in
weakly homotopy equivalent homotopy quotients [TA20, Theorem 4.10].

If EG is a CW complex, then by Whitehead’s theorem it is contractible, hence EG X X is homotopy
equivalent to X. In this way we interpret X as a homotopically correct version of the quotient X /G and
as such it serves to define the equivariant cohomology of G-space X.

DEFINITION 2.3. For a G-space X the G-equivariant cohomology with coefficients in a ring R is defined
as the (singular) cohomology of the homotopy quotient X¢g:

H(X;R) = H*(XG; R)

Technically this definition depends on the choice of universal bundle EG. However, the weak homo-
topy equivalence between the homotopy quotients with respect to two different universal bundles induces
an isomorphism on cohomology. As with ordinary cohomology theories, the G-equivariant cohomology
of X is a module over its coefficient ring H¢, (x), the equivariant cohomology of the one-point space. The
module structure comes from the unique map X — * inducing a ring homomorphism Hg, () — Hg, (X).
The one-point space’s homotopy quotient *g = * X EG/G = BG is exactly the classifying space of the
group G.

In the special case where the action G ~ X is free, the homotopy quotient X is a fiber bundle over
the quotient X /G with fiber EG. As EG is contractible, this is homotopy equivalent to X/G. So in this
case, the equivariant cohomology of X is just the cohomology of the quotient X /G.

2.2 The Cartan model

Among the many different cohomology theories on smooth manifolds, de Rham cohomology, defined in
terms of the complex of differential forms connected by the exterior derivative, plays a central role. In
the case of equivariant cohomology, a similar construction in terms of differential forms exists, called the
Cartan model. Throughout, X will be a smooth manifold with a smooth action by a Lie group G with real
Lie algebra g. The case of complex Lie groups with complex Lie algebras will be discussed at the end of
the subsection.

The differential complex defining the Cartan model is constituted of so-called G-equivariant differ-
ential forms on M. To define G-equivariant forms and the differential connecting the cochain groups, we
must first introduce the graded algebra of polynomials on the Lie algebra g. This is easily identified with
the symmetric (tensor) algebra $°*(g") of the dual space g" to g. Now, G-equivariant differential forms on
the G-manifold M will be certain polynomials on g taking their values not in the scalar field but instead
in the graded algebra of differential forms on M. The space of these Q*(M)-valued polynomials is

S*(g") ® Q*(M).

The Lie group G acts on the Lie algebra g by the adjoint action Ad. The dual to this action, on g",
naturally extends to an action on the polynomial algebra S°(g"). Furthermore, G acts on the differential
forms Q°(M) through the pushforward; regarding g € G as a diffeomorphism of M we may define
g - @ = g.a. Having defined natural actions of G on S*(g") and Q°®(M), we also have an action on the
tensor product, G ~ S*(g") ® Q°*(M) and may now define G-equivariant differential forms:



DEFINITION 2.4. A G-equivariant differential form a on M is an element of S*(g") ® Q*(M) that is
invariant under the action of G. We denote the algebra of G-equivariant differential forms by

QG (M) = (S°(g") ® Q°(M))“,

G-equivariant forms are not to be confused with G-invariant forms which are ordinary differential
forms on M (not form-valued polynomials) that are invariant under the group action, that is, elements of
Q*(M)%. An equivariant differential form is exactly a polynomial @ € S*(g") ® Q*(M) for which

a(AdgX) = g.a(X) ()

forallg € G and X € g, i.e. the map a : g — Q°(M) is equivariant.

To define cohomology using this algebra of equivariant differential forms, we should first discuss its
grading. On the algebra of differential forms Q°*(M) we use the usual grading, whereas on S°*(g") we
rescale the grading by a factor of two, meaning that for monomials p = 1y ...7, in S*(g") we define
deg(p) = 2k. These two gradings are invariant under the action of G and thus define a bigrading on
QZ (M). The total grading on ¢, (M) is then given by

QM) = (P (5'(sY) @ Q7 (M))°.

2i+j=k

Elements of Q’é (M) are called G-equivariant k-forms.
The integration of equivariant differential forms is defined in the obvious way:

DEFINITION 2.5. The integral fM a € S*(g") of an equivariant form a € Q. (M) over a compact oriented
G-manifold M is defined as the polynomial

oo

Unlike for ordinary differential forms, the integral f 1y @ 18 not a scalar but rather a polynomial on the
Lie algebra g. Note that

(/Ma) (Ang)=/Ma(Ang):/Mg*a(X):/Ma(X)

when the Lie group is connected. Thus, in that case, the integral is a G-invariant polynomial on g. We will

for X eg.

show in remark 2.8 that, in the case where G is additionally compact, the space of G-invariant polynomials
on g is isomorphic to the equivariant cohomology of the one-point space. We may then regard fM a as
an element of HZ, (x).

Next we introduce the differential connecting the cochain groups, the analogue of the differential d
of ordinary differential forms. For this we need the notion of interior multiplication of differential forms
a € Q°(M) by Lie algebra elements X: The infinitesimal version of the action G ~ M is a Lie algebra
homomorphism g — X(M) to the Lie algebra of vector fields. Thus, elements X € g are mapped to
vector fields X on M, for which we can take the interior product tga. The interior product lowers the
degree of a non-equivariant differential form « € Q°*(M) by one. However, as a polynomial of g, (g



has degree one while @ has degree zero. The polynomial degree is weighted double in the grading on
S*(g") ® Q*(M), thus, overall, interior multiplication raises the degree of form-valued polynomials by
one.

DEFINITION 2.6. The equivariant exterior derivative is the linear map D : Q¢ (M) — Q. (M) defined
on an Q*(M)-valued polynomial a € Q. (M) = (S*(g") ® Q*(M))C as

(Da)(X) = d(a(X)) - tz(a(X))

where X is an element of @ on which we evaluate the polynomial.

As both the exterior derivative and interior multiplication raise the degree of equivariant forms by
one, so does the equivariant exterior derivative. Now we check that D makes Q. (M) a cochain complex:

(D*)(X) = D(Da)(X) = d((Da)(X)) = x((Da)(X))

= d(d(a(X)) - 1x(@(X))) - iz(d(@(X)) - iz(a(X)))
= —dig(a(X)) - 1zd(a(X)) = —Lz(a(X))

by Cartan’s homotopy formula. By (4), Lza(Y) = a(adxY), which vanishes for ¥ = X. The cochain

complex
D

QB alm S . B anm
then defines the cohomology H*(QZ, (M), D). We define the wedge product on equivariant differential
forms by

(@@p) N (w®q) =(@Aw)®(p-q).

This is graded-commutative and descends to cohomology, making H*®(€2¢, (M), D) a ring.
There is a version of the de Rham theorem for equivariant cohomology and the Cartan model as well:

THEOREM 2.7. For any compact, connected Lie group G acting smoothly on a manifold M, the cohomol-
0gy of the Cartan model is canonically isomorphic to the equivariant cohomology with real coefficients:

H*(QC (M), D) = HE,(M; R)

The equivariant de Rham theorem holds for complex coefficients as well: Working with complex-
valued differential forms amounts to complexifying the cochain complex (QZ, (M) ® C,D ® 1¢). We
then have H*(QZ, (M) ® C,D ® Ic) = H*(QZ(M); D) ® C = HL,(M;R) ® C = HZ,(M;C).

ReMARK 2.8. When G is compact connected, we can apply the de Rham theorem to computing of the
equivariant cohomology of the one-point space *. Clearly Q°*(x) = Q%(%) = R. Thus, QL(M) =
(S*(g") ® Q*(¥))° = S°(g¥)%, meaning the Cartan complex is exactly the G-invariant polynomials

on the Lie algebra g. The degrees of elements p € S*(g")¢

V)G

are defined to be twice their polynomial
degree, thus the complex S°(g is alternatingly zero (in odd degrees) and non-zero (in even degrees).

Hence, its cohomology is exactly the complex itself:
He () = 8*(g")°

In the case where the Lie group is a torus 7 = U(1)", this simplifies further to H3.(x) = S*(t") where t
is the torus Lie algebra, as T being abelian means that its adjoint action on S®(t") is trivial.



Complex Lie groups. In instanton counting we perform equivariant localization with respect to an
action by a complex (non-compact) torus. For this reason we should also discuss the Cartan model for
complex Lie groups. For a complex Lie group G ¢, the Lie algebra g¢ is a complex vector space. Complex-
valued equivariant differential forms may then be realized as complex polynomials gc — Q°*(M;C),
rather than as real polynomials: The difference is the same as that between polynomials C — C and
R? — C. Then, we define

QY (M:C) = (Q"(M:;C) ® 5*(g))°°

where by S'(gé) we mean the algebra of complex polynomials. The equivariant exterior derivative
D, : QZ;C’C(M ;C) — QZ;C’C(M ; C) is defined as in the case of the real Lie group. Integration fM :
QZ;C (M;C) — §*(g{) is defined in the obvious way:

(/Ma) (X):/Ma/(X).

Now suppose that G¢ is the complexification of a compact connected real Lie group G (for example a
compact torus). We may restrict G¢-equivariant forms « : gc — Q°(M; C) to the real subalgebra g. The
result is a complex-valued G-equivariant form. Furthermore, any polynomial of g¢ is fully determined
by its restriction to g so that this correspondence can be inverted. From this it is clear that

Q*(M;C) ® S*(g¢) = Q*(M;C) ® S*(g")

as complex vector spaces. Moreover, an element of the LHS is G¢-fixed if and only if the corresponding
element on the RHS is G-fixed. Thus,

QZ;C’C(M;C) = Q. (M;C). (5)

This isomorphism commutes with the equivariant exterior derivatives D., D ® T¢, so it induces an iso-
morphism on the Cartan model cohomologies; H* (QE;C (M;C),D.) = H*(Qc(M;C),D ® 1¢).

In [AF23, Sec. 3.2] it is shown that equivariant cohomology H¢;(M) is functorial not just in the
space M, but also in the group G, and that group homomorphisms that are homotopy equivalences induce
isomorphisms on equivariant cohomology. In particular, as G¢ deformation retracts to G,

Hg, (M;C) = HE,(M;C), (6)

the isomorphism being induced by the inclusion G — Ge¢.

Ultimately, the equivariant de Rham theorem for G, together with (5) and (6) implies an equivariant
de Rham theorem for G¢:

CoRrOLLARY 2.9. Let G be a compact connected Lie group and Gg its complexification. If G¢ acts
smoothly on a compact manifold M, then there is a natural isomorphism

H*(Qg,. .(M;C),D.) = Hg; (M;C)



Remark 2.8 has a version for complexifications of compact connected groups as well:
Hg, (+C) = S*(g)°°
For non-compact tori T¢ = (C*)", with Lie algebra tc = C”,

H (%C) = $°(t¢) = $*(t) ® C.

2.3 Equivariant characteristic classes

Characteristic classes like Stiefel-Whitney, Euler, Chern and Pontryagin classes can be generalized to the
equivariant setting. We will need in particular the equivariant Euler classes, as they occur in the local-
ization Theorem 2.14 in the next subsection. The theory of ordinary characteristic classes is discussed
in [MS74]. Equivariant characteristic classes are defined for equivariant vector bundles, where there’s a
G-action on the total space compatible with that on the base space:

DEeFINITION 2.10. A G-equivariant vector bundle over a topological G-space X is a (real or complex)
vector bundle m : E — X with an action G ~ E by linear maps between the fibers, for which the bundle
projection 7 is an equivariant map, meaning that forall g € G, e € E,

n(ge) = gn(e).

We now discuss characteristic classes for equivariant vector bundles. These will live in the equiv-
ariant cohomology H, (X) so, as the equivariant cohomology is just the cohomology of the homotopy
quotient X, it makes sense to define them as the ordinary characteristic classes of vector bundles over
X associated to the original equivariant bundle £ — X. These bundles are again constructed by the
Borel construction: It is not hard to see that for every equivariant vector bundle over a G-space X, the
homotopy quotient Eg = (EG X E)/G is a vector bundle over Xg = (EG X X)/G and these bundles
have identical rank.

DEeFiNITION 2.11. For a complex equivariant vector bundle E over a G-space X, its equivariant Chern
classes are
cC(E) =ci(Eg) € H*(XG:Z) = HX (X; Z).

The total equivariant Chern class is c© (E) = cg (E)+ clG (E)+---+cY(E), where n = k¢ E.

While Chern classes are defined in integer coefficients cohomology, we generally care about their
images in HZ, (X; R) or HE, (X; C), so that, when X is a compact manifold, they may be identified with
closed equivariant differential forms and integrated.

Equivariant Chern classes behave much like ordinary Chern classes: The zeroth class cg; (E) is always
1. For direct sums E & F, we have

cP(E@F)=cY(E) — cC(F)
and for equivariant bundle maps f : E — F, they satisfy

[ c®(E)=cY(f*E).



Note, however, that while the higher non-equivariant Chern classes of a topologically trivial bundle are
necessarily 0, this is not the case for equivariant bundles: Such a bundle would be the pullback n*E of an
equivariant bundle £ — #* by the collapsing map 7 : X — =. In Section 2.5 we detail how to identify E
with a representation of G and how the equivariant Chern classes are then determined by the weights of
the representation. Thus, if the representation is non-trivial, the equivariant Chern classes ¢y (E) do not
vanish and then neither do those of the topologically trivial bundle over X: cg (n*E) = ﬂ*ckG(E ) #0.

Of course, for k > n = rk E the equivariant Chern class cf must vanish as it does in the non-

equivariant case. The top-degree equivariant Chern class is called the equivariant Euler class and we
denote it by
eG(E) = cgE(E)

The equivariant Euler class can also be defined for oriented real equivariant vector bundles, as the Euler
class of the homotopy quotient bundle Eg — Mg, which can be shown to inherit an orientation from E.

To introduce the equivariant Chern roots, we must first discuss the splitting principle (cf. [Hat03,
Proposition 3.3]): For a finite-rank vector bundle E — X over a compact space, there exists a space F(E)
called the complete flag bundle and a map p : F(E) — X such that the pullback map p* : H*(X) —
H*(F(FE)) is injective and that

pPE=Li® 0L,

splits as the direct sum of line bundles. In the case where E is complex, the Chern roots are then defined
to be the first Chern classes of the line bundles; ¢1(L,),...,ci(L,) € H>(F(E)). The pullbacks of the
Chern classes p*ci (E) are then expressed as the elementary symmetric polynomials of the Chern roots:

prek(E) = ox(ci(Ly), ..., c1(Ly)) where ox(Xi,...,X,) = Z Xi, ... Xy,

1<ki<---<kj<n

In particular, the Euler class is just the product of all Chern roots:
pe(E) =ri(E)...rn(E)

While the Chern roots in principle depend on the concrete choice of splitting p*E = L1 & - - - @ L, their
symmetric polynomials are independent of this. Furthermore, by the fundamental theorem on symmetric
polynomials [Mac98, (2.4)], any symmetric polynomial of X, ..., X,, can be uniquely expressed as a
polynomial of the elementary symmetric polynomials 0. This theorem is the basis for defining other
characteristic classes in terms of the Chern roots, even when the base space X is not compact (so that
there technically are no Chern roots). For a finite-rank vector bundle £ — X (over a possibly non-
compact space), polynomials of the formal Chern roots r|(E),...,r,(E) (which are merely variables,
not elements of the cohomology) are thus interpreted as polynomials of the Chern classes o (E), making
them elements of the cohomology ring H*(X).

The Chern character Ch(E) € [];, H k(X;Z) of a complex vector bundle E — X is defined as

n

Ch(E) := )" e"(5),

i=1

which is a symmetric power series of the formal Chern roots. We explain how this characteristic class is
expressed in terms of the Chern classes: Newton’s identities express power sum polynomials py (Xi, ...,
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X, =X lk +--++ XX in terms of the elementary symmetric polynomials, e.g.

2 3
p1=01, p2=0] =202, p3=0]—30m01+303,

Writing pr = vi(0o1,...,0%) for these identities, the components of the Chern character are given in
terms of the Chern classes without reference to the formal Chern roots:

(o0

Ch(E) = 3" 2oviler(B), .., cul(E)) ™

k=0 "

The Chern character is not just additive under direct sums but also multiplicative under tensor products:
Ch(E @ F) =Ch(E) + Ch(F), Ch(E®F)=Ch(E) — Ch(F)

Thus, in cases where the cohomology ring of X truncates, the Chern character defines a ring homomor-
phism from the K-theory of X to its cohomology [Hat03, Sec. 4.1].

For an equivariant complex vector bundle £ — X, the equivariant Chern character is again defined
using the homotopy quotient:

ChC(E) = Ch(Eg) € ]_[ HE(X;Z)
k=0

The relation (7) between Chern classes and character carry over to the equivariant case. In cases where the
homotopy quotient X is compact, so that the splitting principle applies to E, one can define equivariant
Chern roots as elements of H>(F(Eg); Z). In general, equivariant characteristic classes can be expressed
as symmetric functions of the formal equivariant Chern roots, denoted by rl.G (E).

We will also make use of the equivariant Chern polynomial

n n

cY(E) = Zcf(E)x"_k = 1_[ (x +rlG(E)) , xeC.

k=0 i=1

Our definition differs from another common convention, ) cka. Our definition has the useful property
that, in the limit x = 0, the polynomial is the equivariant Euler class; ¢ (E) = € (E). In other words, the
equivariant Euler class is the polynomial’s constant part. While the notation ¢ for the equivariant Chern
polynomial collides with the notation ckG for the equivariant Chern classes, this will pose no problem as
we never use the Chern classes themselves.

Another characteristic class we will make need is the equivariant Todd class, defined in terms of the
formal equivariant Chern roots as the symmetric power series

8B

Td® (E) = _
( ) 1:1[ 1— e_riG(E)

Lastly, we mention that there also exists an equivariant version of Chern—Weil theory, expressing
equivariant characteristic classes as invariant polynomials of the curvature 2-form of an equivariant con-
nection on the vector bundle. The equivalence of the two approaches was proved relatively late in the
history of equivariant cohomology, in [BTO1].
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2.4 Torus representations

We gather some facts about representations of tori. For their proofs we refer to [Bum04, Chap. 15]. By
the character of a finite-dimensional real or complex representation p : G — G L(V), we mean the map

xv:G—-C, g t(p(g)).

DEFINITION 2.12. A compact torus is a compact connected abelian Lie group T. A non-compact torus is
the complexification Tc of a compact torus T.

Complexifications are characterized up to isomorphism by a universal property and always exist for
compact Lie groups (cf. [Bum04, Chap. 24]). A non-compact torus’s Lie algebrais tc =t ® C.

For an r-dimensional compact torus 7', the Lie algebra t is an abelian group (like every vector space)
and the exponential map exp : t — T is a group homomorphism. It can be checked that ker(exp) is a
lattice in t. Then

T = t/ker(exp) = R"/Z" = U(1)".

For the non-compact torus T¢ which is the complexification of T
Te = (C*)"

Note that C* = GL(1,C).

Irreducible finite-dimensional complex representations of 7¢ are all one-dimensional and classified by
their character which is a homomorphism (because the representations are 1-dimensional) yy : Tc — C*,
i.e. a monomial yvy(¢1,...,t) = tf‘ . tf’ (using the isomorphism T¢ = (C*)"). This representation’s
weightw : tc — Cisw(xy,...,x,) = X; k;x;. Irreducible complex representations of the complex torus
T extend uniquely to irreducible representations of 7T¢ and are thus also classified by their characters.

Irreducible real representations of 7" are also determined by their characters. There are two cases:
First there’s the one-dimensional trivial representation. The non-trivial irreducible representations are all
two-dimensional; for each k € Z" \ 0 there is the representation Vi given by

(i61.....i6,) cos(k-0) —sin(k-0) _ 0 -k-0 g
- sin(k-0) cos(k-0) “Plk. o 0o ) ®)

where k - 0 denotes the dot product. Its eigenvalues are e*’%9

kr
kr,

, so it complexifies to the representation

with character t{q St
Suppose E — M is a (real or complex) G-equivariant vector bundle and x € M is a G-fixed point.

Then E, — {x} is a G-equivariant bundle over the one-point space {x}. This may equivalently be

regarded as a representation of G, called the isotropy representation at x. We are particularly interested in

the isotropy representations 7, M on tangent spaces, induced by the equivariant tangent bundle TM — M.
If V is a real T-representation, there exists a decomposition into irreducibles

VE@VI(
k

where Vy is given in (8). If k # 0, then Vj is two-dimensional and oriented by the T-action, after choosing
an isomorphism 7" = U(1)". Thus, if all k are non-zero, then the representation V has an orientation
depending only on the identification of T with U(1)".

12



Considering such a real T-representation with non-zero weights as a T-equivariant real vector bundle
over %, we may consider its equivariant Euler class €’ (V) € H3.(x). Werefer to this as the representation’s
Euler class. Under the identification of H3.(+) with the polynomial algebra S*(t"), it has a simple, useful
expression:

LeEmMMA 2.13. Let V be a complex T-representation. Then, under the isomorphism Hy.(+;R) = S*(t")
from remark 2.8, its Euler class is mapped to the product of its weights, i.e.

(V) > l_[w,- e S*(tY),
i=1

(the product is over the multiset of weights, meaning the same weight can occur more than once) which
one may view as the determinant of the Lie algebra representation.

This can be proved in equivariant Chern—Weil theory, using that the Euler class (top Chern class) is
represented by p(Fa 1) where F4 r is the T-equivariant curvature of the bundle and p(ry,...,r,) =[] r;
is a polynomial on t (cf. [Pes+17, Sec. 2.5]). The lemma extends to T¢ and the isomorphism H}C (%;C) =
S (tqu) by the comments above Corollary 2.9.

It is clear from the weight decomposition (this is the decomposition into irreducible subrepresenta-
tions) of a complex T- or T¢-representation

VE@VW
w

(here the sum is over the multiset of weights, such that each weight space is one-dimensional) and Lemma
2.13 that the equivariant Chern roots of V are identified with the weights of the representation. Thus,
the other equivariant Chern classes are also elementary symmetric polynomials of the weights, and the
equivariant Chern character is

Ch'(v) = Z eV = yv oexp,
w

identifying it with the usual notion of character yy of the representation.

2.5 Equivariant localization

The instanton partition function is given as the integral of an equivariantly closed differential form over the
resolved framed moduli space of instantons, which carries a torus action. In [Nek03], using localization,
Nekrasov reduced this integral to a sum over infinitely many fixed points of the torus action in the moduli
space. Much of the present thesis is devoted to rigorously presenting this process, instanton counting.

THEOREM 2.14. Let M be a compact oriented manifold with a smooth action of a compact torus T and
denote by F the set of T-fixed points in M. Then, for any equivariantly closed form a € Q3.(M), we have

where ip : F < M is the inclusion, NF the normal bundle of F and €T (NF) its equivariant Euler class.

To make sense of this, it should be noted that the set of T-fixed points F is a submanifold (cf. [TA20,
Theorem 25.1]) and also equipped with a smooth T-action. The pullback ¢y is a G-equivariant form on
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F. The normal bundle NF has to be oriented for the equivariant Euler class €’ (NF) to be defined. The
orientation is induced by the T-action; at a fixed point f, the tangent space Ty M is areal T-representation.
Its decomposition into irreducibles is such that the 1-dimensional irreducible representations are tangent
to F' and the 2-dimensional irreducible representations form the normal space. This induces an orientation
on NF as discussed in Section 2.4.

As the T-action on F is trivial, the equivariant cohomology is H3.(F) = §*(t") ® H*(F). Then the
Euler class has the form

€L(NF) = ppm + pm_tai + - +

where m = codim F, p; € S'(t), @; € H'(F). In the localization of the S*(t")-module H3.(F) with
respect to the polynomial p,,, the Euler class is then seen to be invertible:

! —1 1+a+a2+ +aq_1
GT(NF) Pm Pm p%n pzfl

where @ = —(p—1@1+- - -+a,,). The equivariant integral fF : H3.(F) — S°*(t") extends naturally to this
localization, H3.(F),,, — S*(t"),,, and the integral on the RHS in Theorem 2.14 should be interpreted
accordingly.

For the purpose of instanton counting a simpler localization formula suffices. Namely, the fixed point
set will be discrete, eliminating the integral entirely. Furthermore, we want to perform localization with
respect to the action of a non-compact torus T¢, rather than of a compact torus as in Theorem 2.14.
Suppose T¢ acts holomorphically on a complex manifold M. It is easy to see that for a compact maximal
torus T C Tg, the set of Tc-fixed points is identical to that of T-fixed points. Furthermore, complex-
valued Tc-equivariant (in the complex polynomial sense) forms can be identified with their restrictions to
t C t¢, turning them into complex valued T-equivariant forms (in the real polynomial sense). For these,
Theorem 2.14 may be applied without restrictions, proving the corollary:

CoROLLARY 2.15. Let T¢ be a non-compact torus acting holomorphically on a compact complex mani-
fold M. If the fixed point set F is discrete, then for any equivariantly closed a € Q’TC,C(M ),

ca
f
a= E —_—

As all fixed points are isolated, the compactness of the manifold implies that the sum is finite.

To make sense of the quotients on the right, note that both L}af and e’c (TyM) (where Ty M is the
isotropy representation of T¢ at f) are elements of H}C (*) which we identify with S* (t%). Under this
identification, the equivariant Euler class corresponds to the product of the weights (multiset convention)

et (E) = 1—[ w;.

Thus, the sum in Corollary 2.15 is one of rational functions of tc, and the result is a polynomial.

More concretely, in Chapter 3 we will localize the integral

/ €' (B)
M (n,k)
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of the equivariant Euler class of a Tc-equivariant vector bundle over (a modified version of) the instanton
moduli space. To be more precise, our application of the localization theorem to this integral will be
merely formal as the moduli space M (n, k) is non-compact. Thus, the integral is defined as the sum over
Tc-fixed points

G et (B)

; (M (1K)’
For the Euler class in the numerator, we have
;€ (B) = €'(;B) = €' (By),

where BJ;, is a Tg-equivariant bundle over the fixed point A, identified with the isotropy representation
of Tc. We proceed to work out this representation’s weights and then €’ (B| 3) is just the product of
these weights. In the denominator, T, (n, k) is equally identified with a Tc-representation and we
must again compute the product of its weights. This will be accomplished using some properties of 7¢-
representations and their Euler classes. Finite-dimensional representations of 7¢ are completely reducible
which implies that any short exact sequence of representations (where morphisms of representations are
equivariant linear maps)
0-A—-B—-C—>0

splits; B = A+C (we use notation + for direct sums of representations) and thus €’¢ (B) = €’¢(A)e’c (C).
This then implies the following lemma:

LeEmma 2.16. If
-1 @i-| [e7) Qi+2
A Ai—l — Ai—>Ai+1 —_ ...

is a finite cochain complex of finite-dimensional complex Tc-representations, then as virtual representa-

Z(—l)"Ai = Z(—l)"H,-,

where H; = ker a; /im a;_; are the quotient representations (the cohomology of the complex).

tions,

By virtual representation we mean a formal difference V — W of T¢-representations. Two virtual
representations V — W, V' — W’ are defined to be isomorphic if and only if V + W' = V' + W. As we
will outline in Section 2.6, the isomorphism types of virtual T¢-representations form the 7¢-equivariant
K-theory of the one-point space .

Proof. There are short exact sequences

0> kera; » A; > ima; — 0,

0—->ima;_; > kera; > H; > 0
of Tc-representations. These split, so that A; = ker@; +im @; and H; = kera; —im @;_;. Thus

Z(—l)iAi ~ Z(—l)i(kerai +ima;) = Z(—l)i(kercyl- —ima;_) = Z(—U’Hi.

O

The context where we will need this lemma is in calculating ¢ (T3 M (n, k)) as the product of the
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weights. To find the weights, we will realize 7 M (n, k) as the cohomology of a chain complex
asBLc

of T-representations, with @ injective and S surjective (so that the other cohomology representations
vanish). The weights of the representations A, B, C will be apparent from their definitions, and the
weights of T) M (n, k) are found by expressing it as the virtual representation —A + B — C using Lemma
2.16.

Localization for calculating symplectic volumes. One common application of equivariant localization
is in calculating the volumes of compact symplectic manifolds (M, w), that is, integrals

wn

— ©)

where M is 2n-dimensional. Suppose there is a Hamiltonian torus action 7 ~ M, i.e. a smooth action
torus action that preserves the symplectic form w and admits a moment map. By moment map we mean
amap u : M — t¥ satisfying 7.u(X) = p(Ad,X) and du(X) = izw forallx € M,t € T and X € t.
Using u, we can define an equivariant extension of the symplectic form:

Weg =w+ueS(H)®Q (M)

is a differential form-valued polynomial on the Lie algebra. We can check that it defines a T-equivariant
form:
(w+ ) (Ad X) = 0+ 1.u(X) = t.(w + ) (X)

Furthermore, this form is equivariantly closed:

D(w+ u)(X) =dw — 15w + du(X) — txu(X) = du(X) —izw =0

Then all powers (w + u)* and the exponential exp(w + u) = Y, k>0 are also equivariantly closed

and we can apply equivariant localization to the integral

_ N\ exp(u(f))
‘/M exp(w + p) = ; —ET(TfM) (10)

where the sum on the right is over all 7-fixed points (we assume that the fixed point set is discrete). As
an equivariant integral, this is an element of H3.(¥) = S°*(t"), i.e. a polynomial on t, rather than a real
number as (9). To recover the integral (9), we evaluate (10) on an element X € t of the Lie algebra and
take the limit as X — O:

exp(u(f)X)
/M - / exp(w) = hm/ exp(w + w)(X) —l Z eT(TfM)X

In other words, we evaluate the rational function on the right at zero. This technique makes it possible to
calculate symplectic volumes using equivariant localization.

We’ve essentially proved the Duistermaat—-Heckman [DH82] formula:
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CoroLLARY 2.17 (Duistermaat—Heckman). If there is a Hamiltonian action of a compact torus T on a
compact symplectic manifold (M, w) and its fixed point set is finite, then for any moment map u : M — tV,

et (f)

,/M n! e = Z eT(TfM)

fem?

It can be regarded as the original form of equivariant localization, generalized by Atiyah—Bott [AB84]
and Berline—Vergne [BV82] to the non-symplectic setting as in Theorem 2.14.

2.6 Equivariant K-theory

Ordinary K-theory is a generalized cohomology theory of a space X defined by way of vector bundles over
X. If X is a G-space, one may restrict attention to equivariant vector bundles, defining the equivariant
K-theory of X. This has many commonalities with the equivariant cohomology, most importantly, there
is a localization theorem. This allows instanton counting to be performed in the K-theory (rather than
cohomology) setting, yielding a K-theoretic Nekrasov partition function Z ilflst that is a sum over rational
functions of exponential functions on the Lie algebra t, rather than a sum over rational functions (of linear
functions) as in the cohomology case. Physically, this corresponds to five-dimensional gauge theories
compactified on a circle [Nek03].
Throughout, all vector bundles are complex and have finite rank.

DEeFINITION 2.18. Let X be a topological space and G a topological group acting continuously on X.
The G-equivariant K-theory K (X) of X is the Grothendieck group associated to the abelian monoid of
complex G-equivariant vector bundles under direct sum.

Elements of K (X) are represented by formal differences E © F of G-equivariant complex vector
bundles over X, and the equivalence relation on such formal differences is defined

EoF~E oF < EoF &eD=E ®F&D 11

for some G-equivariant vector bundle D — X. These formal differences E & F are called virtual bundles
and two equivalent virtual bundles are said to be isomorphic, written £ © F = E’ © F’ rather than with
the symbol ~. Note that in (11), the bundle D is the same on both sides. One could also define a reduced
equivariant K-theory by instead defining E© F ~E' 6 F' <= E@®F & D, = E' ® F @ D, for two
different bundles D, D, that arise as pullbacks of representations by the collapsing map X — . This
has the disadvantage that the reduced equivariant K-theory of the one-point space * is zero, which we do
not want.

There are also higher equivariant K-groups K¢, (X) for n > 0, but we will not use those.

The Grothendieck group K¢ (X) is not just an abelian group under @ but also a ring under tensor
products ®. The similarities with equivariant cohomology don’t end there. Like Hg, (*), the equivariant
K-theory of the one-point space is particularly simple: A G-equivariant vector bundle V — * may instead
be regarded as a complex representation of G, facilitating an isomorphism

Kg(+) = R(G)

with the representation ring of G (which is defined as the Grothendieck group of the abelian monoid
Rep(G) of finite-dimensional complex G-representations, in particular elements of R(G) are isomor-
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phism classes of virtual representations). For compact connected Lie groups and their complexifications,
the representation character y defines an isomorphism between the representation ring and the character
ring. We only care about T¢-representations, whose characters are

Y oexp = Zm(w)eW
w

where the sum is over the set of weights w : t¢ — C lying in the weight lattice, and m(w) is the
weight’s multiplicity. Each exponential is a Laurent monomial e" = tfl ...tﬁ” (where (t1,...,1,) €
C* x -+-x C* = Tg), identifying

Kr.(») = Z[rF', ... 2]

Equivariant maps f : X — Y between G-spaces permit pulling back equivariant bundles from Y to
X. This extends to virtual bundles and descends to their equivalence classes, thus defining a pullback
morphism f* : Kg(Y) — Kg(X). Using the collapsing map 7 : X — =, the pullback 7* : R(G) =
Kg (%) = Kg(X) makes K (X) into a module over the representation ring. G-Equivariant K-theory is
then a contravariant functor from the category of G-spaces to that of R(G)-modules.

To discuss localization in equivariant K-theory, we must first define the K-theory equivariant Euler
class of virtual equivariant vector bundles £ — X. This is different from the equivariant Euler class in

cohomology and defined as
k E

€9(E) = A E" = Y (- AR E,
k=0

an element of K (X) (cf. (75) for an explanation of the notation A_p). It satisfies the usual properties of
Euler classes € (f*E) = f*€¢%(E) and € (E @ F) = € (E)e® (F). For a sum of complex line bundles
E=L & --®L, > X,itis

By =] |eC@a =] [a-L,
k

k

using L™! = L*.

In order to generalize the localization formula 2.15 to K-theory, we must first discuss what replaces
the equivariant integral f 1, @ in this context. In equivariant cohomology, the integral is a map H}.(M) —
Hj.(¥) = S*(t"). In equivariant K-theory, we replace it by the pushforward map (Gysin homomorphism)
7. : Kr(M) — Kr(*) induced by the collapsing map M — =. For general equivariant maps f : M — N,
pushforwards in equivariant K-theory are tricky to define and in general only exist if f is equivariantly
K-orientable, see [Fok23, Sec. 4.2]. However, for the case where M is a compact complex manifold with
holomorphic T-action and 7 : M — = is the collapsing map, they are guaranteed to exist.

THEOREM 2.19. Let M be a compact complex manifold with a holomorphic action by a compact or non-
compact torus T, with isolated fixed points. Then, for any holomorphic T-equivariant vector bundle E

over M,
*E

L
_ z f
ﬂ'*(E) = S ET(—TfM) .

The pushforward 7.(E) is an element of the T-equivariant K-theory of the one-point space, which
we identify with the representation ring of T, itself identified with the character ring Z[e*1, ..., =]
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where x1, ..., x, are coordinates on t such that the lattice ker(exp) C t consists of all vectors for which
all x; are integers.

For a complex representation V of a torus, we compute its K-theory Euler class using the weight space
decomposition V = 3}, V,,. Let us use the convention where the collection of weights is a multiset, i.e.
weights with multiplicity are counted multiple times and the weight spaces are 1-dimensional. Then

va) =[Te" v =]Ja-e™

where w are the representation’s weights. In the last step we identified the 1-dimensional representation

el(V)y=¢€"

el (V,y) = 1=V}, with its character 1 —e ™. In the convention where weights with multiplicity are counted
only once, the formula is €7 (V) = [],, (1 — e™)™™) where m(w) is the multiplicity.

Lemma 2.16 carries over to the K-theory Euler class, simplifying the computation of Euler classes of
cohomology representations (like the tangent space of the instanton moduli space).

In instanton counting, the complex manifold will be the resolved instanton moduli space M (n, k).
The bundle £ whose pushforward we formally evaluate using Theorem 2.19 will be the virtual bundle
E = €l (B). In this case L}ET(B) = ET(L}B) is the Euler class of a virtual representation which we define
by
e"(V)
ef (W)

when e (W) # 0 (which will be the case for us). In the massless case or Section 3.2, where B = 0, we

el(V-w) =

will evaluate 7,.(1).

Last we mention that there’s another generalized cohomology theory whose equivariant version has a
localization theorem: Elliptic cohomology. A Nekrasov partition function can be examined in this theory
too. In physics, it corresponds to six-dimensional theories. More details can be found in [Kim21].
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3 Instanton counting

In Chapter 1, we defined the instanton partition function

Zme=yoa [ (12)
k=0 gﬁ(}’l,k)

of massless N = 2 supersymmetric SU(n) or U(n) gauge theory. This section is devoted to the instanton
counting method of calculating this integral, introduced by Nekrasov in [Nek03]. The idea is to use
equivariant localization as discussed in Section 2.5 to reduce the integral to a discrete sum over fixed points
of the torus action on the instanton moduli space. These fixed points are parametrized by combinatorial
objects called n-colored partitions (cf. appendix A).

In this chapter, we start by defining basic gauge theory terms of instanton counting and defining
framed instanton moduli spaces, their compactifications and resolutions based on the ADHM (Atiyah—
Drinfeld—Hitchin—Manin) construction [Ati+78]. Following that, we perform rigorously the localiza-
tion to fixed points of the integral (12), using a different method than those of Nekrasov [NekO3] and
Nakajima—Yoshioka [NY05]. Namely, we are working purely within the ADHM linear data description
of the moduli space. We proceed by introducing the N = 2 supersymmetric quiver gauge theories, which
have multi-factor gauge groups and matter fields, and generalize instanton counting to them.

Let us first, following [Kim21], provide some further context for the definition (12). To obtain (12),
the Yang—Mills action is modified by adding the purely imaginary 6-term (6 is another coupling constant)

SolA] = 22

= Q/?U‘(FA/\FA) = —lgk[A]
R

where k[A] is the instanton charge we will discuss in Section 3.1. Sy[A] is locally constant, meaning it
does not change the Yang-Mills equations. In A" = 2 U(n) or SU(n) gauge theory, the full path integral
Z = f[DA]e‘S[A]‘S”[A] localizes on the ASD instantons [Kim21, Sec. 1.3.2], producing the instanton
partition function (12). The exponentiated coupling

-5+
22

a=e¢

is given in terms of the coupling constant g of the Yang—Mills action (13) and the coupling constant 6

of the f-term. It may also be expressed as q = ¢>*7 in terms of the complexified coupling constant
g2 2

3.1 The instanton moduli space

Throughout this thesis, the spacetime is Wick-rotated (i.e. Euclidean) R*. As R* is contractible, all
principal G-bundles P — R* are trivial so that the choice of our principal bundle is immaterial. A gauge
field on R* is then a principal connection A € Q!(P;g). The Yang-Mills action of a connection A is
defined as

1
SrulAl = 5 /R (P A Ey). (13)

where F4 is the connections curvature 2-form and g > 0 is a coupling constant. By Uhlenbeck’s remov-
able singularities theorem [Uhl82], if P — R* is a principal G-bundle with a finite-action connection
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A € Q'(P;g), and G is compact, then P and A can be uniquely extended over the one-point compactifica-
tion S*. An instanton is a connection A € Q! (P; g) with finite Yang—Mills action which is anti-self-dual,
meaning that for its curvature *F4 = —F 4, and which has finite Yang—Mills. Its charge is

k[A] 22—/ tr(Fa A Fap),
871'2 S4

(where we uniquely extend P and A to S*) which is seen to be an integer as the second Chern class
c2(P) € H*(S*; Z) is identified with the de Rham cohomology class of 8—71r2 tr(Fa A F4) in Chern—Weil
theory [KN96]. The charge is non-positive for self-dual connections and non-negative for anti-self-dual
connections [Linl1, Eq. 3.3.11].

For compact gauge group G, we define the framed moduli space of instantons

mer

st

(G) ={A | A afinite-action ASD connection on P}/Gsma (14)

where P is any principal G-bundle over R* and Gy consists of gauge transformations g : R* — G that
converge
gx) =1 as x| >

(“‘small”’ gauge transformations). The subspace of Emif;st(G) consisting of instantons of charge k is de-
noted iIRifIrlst(G, k).

Using the pullback from the universal bundle, principal G-bundles over S* are classified up to isomor-
phism by their class in [S*, BG] = n4(BG) = n3(G) (cf. [DK97]). In the cases G = SU(n), G = U(n),
the integer —k € Z = m3(G) is the second Chern number c,(P) € H*(S*;Z) = Z. In cases where
principal G-bundles over S* are classified by their second Chern class, we could also define iIRifflst(G, k)
as

{(A, p) | A an ASD connection on P, p € P| a framing}/G (15)

where P is any principal G-bundle over S* with ¢, (P) = —k, co € §* \ R* is the point at infinity, and G
is the group of gauge transformations g : S* — G which acts on a framing p € P|. by g(c0) ! pg(co).

We first discuss U (1)-instantons. Isomorphism classes of principal U(1)-bundles over S* are classi-
fied by m3(U(1)) = 0, meaning they are all trivial.

LemMa 3.1. All U(1)-instantons on S* are flat, in the sense that their curvature Fa = 0. By Uhlenbeck’s
removable singularities theorem, the same result holds on R* for finite-action instantons.

Proof. As the principal U(1)-bundle P — S* is trivial, there is a global gauge (by which we mean a
section) s : S* — P. An ASD connection A and may thus be regarded as a u(1)-valued 1-form on S*.
Its curvature F = dA satisfies *F = —F, thus d « F = —dF = 0. Then

AF = dd*F +d*dF =0,

i.e. F is harmonic. By Hodge’s theorem, on compact, oriented Riemannian manifolds, the vector space
of harmonic p-forms is isomorphic to the p-th cohomology. Thus, as H*(S*) = 0, the curvature F must
vanish. O

We see that U(1) instantons on R* are exactly the finite-action flat connections. These are all gauge-
equivalent but not small gauge-equivalent, thus iIRifrrlst(U (1)) is non-trivial (more specifically, it is a circle).
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In many places in the instanton counting literature one reads that the framed instanton moduli spaces
for gauge groups SU(n) and U(n) are identical. This is not quite correct but the difference is inconse-
quential for the partition function.

LemMA 3.2. The splitting u(n) = su(n) @ u(1) induces a bijection

M (U(n), k) = MT (SU(n), k) x M (U(1),0).

n

Proof. This follows from the splitting 1(n) = su(n)@u(1). Suppose P — R*is a principal U(n)-bundle.
A gauge s : R* — P identifies k-instantons with 1-forms A € Q'(R*; u(n)) such that

-1
—/tr(FA/\FA):k, wFp = —Fy
82
where Fy = dA + %[A A A]. The 1-form splits
A = Agu(n) + Au(1)

where Agy(n) € Q' (R*; su(n)), Ayay € Q!(R*;u(1)) are themselves instantons (after introducing
SU(n) and U(1) principal bundles and choosing gauges), and k[Ag,(n)] = k, k[Ay(1)] = 0. That this
splitting descends to the framed moduli spaces follows from the unique decomposition

8 = 8su(n)8U(n)

of any (small) gauge transformation g : R* > U (n) into (small) gauge transformations gsy(n) : R4 —
SU(n) and gy(1) : R* - U(1). m]

While the framed moduli spaces of SU(n) and U (n) differ, in the literature Zing = Y450 q* fiIR () 1
still serves as the instanton partition function’s definition for both gauge theories (at least in the massless
case). The reason is likely that their unframed moduli spaces really are identical, as that of U(1) is trivial,
and that the path-integral can be split

/[DAu(n)]qk[Au<n)] :/[DAu(l)]qk[Au(l)]‘/[DAgu(n)]qk[A"“(")]

=/[DAu(l)]/[DAsu(n)]qk[A“(")]-

Last, we mention that imiffm

kéhler quotient where F} (the self-dual part of the curvature) plays the role of the moment map [Nak99,
below Thm. 3.46].

(SU(n), k) is a hyperkihler manifold. The construction (14) is a hyper-

The ADHM construction [Ati+78]. For the vector spaces N = C", K = C¥, we define the vector space
X =Hom(K, K) ® Hom(K, K) ® Hom(N, K) ® Hom(K, N)

and denote elements, called linear ADHM data, by (B}, By, 1,J) € X.
This space X may be regarded as the cotangent bundle 7*(Hom(K, K) & Hom(N, K)) giving it a
natural symplectic structure. We define two complex structures on the vector space X; multiplication by
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i and
Jj:(B1, By, 1,J) — (B),-Bl,J",-I").

As j is anti-linear (ji = —ij) and the complex structures are compatible with the symplectic structure, X
is a hyperkihler manifold.
We have a GL(k, C)-action on X given by

g+ (B1,By,1,J) = (gBig” ', gBg ' g1, Jg™") (16)

for g € GL(k,C). Its infinitesimal version gl(k, C) — T(p,,.1,7)X at (B12,1,J) € X is

¢H([¢’Bl]’[¢’B2]’¢I’_J¢)' (17)

When the action (16) is restricted to the compact subgroup U (k) € GL(k, C), it preserves the hyperkéhler
structure on X: Denoting by a : u(k) — T(p,,,1,7)X the restricted infinitesimal action, ai = ia and
aj = ja can easily be checked, showing that the U(k)-action on X preserves the complex structures.
The full action by GL(k, C) does not preserve the hyperkahler structure. Clearly the symplectic structure
induced by regarding X as a cotangent bundle is also preserved under U (k).

We define maps ¢, u¢ : X - Hom(K, K),

W (B, 1,J) = [B1,B]]+ By, B + 11" +J'J
u(Bi12,1,J) = [B1,B2] +1J

where u” is valued in Hermitian matrices. Using the isomorphism u(k) = u(k)" induced by the standard
Hermitian product, these maps are related to maps u; 23 : X — u(k)" by
i
p= S
HE = po +ips,

and i = (u1, 12, u3) : M — R?> ®@ u(k)V is a hyperkihler moment map for the U (k)-action (16). This
means that u;(gx) = Ad;,l,ui(x) for all g € U(k) and du;(v)é = w;(&,v) forall v € TX and & € u(k)
where ¢ is the vector field generated by & through the infinitesimal U(k)-action and w; are the three
symplectic forms.

In [Hit+87], Hitchin et al. proved a quotient construction for hyperkédhler manifolds from existing
hyperkihler manifolds X and their moment maps.

THEOREM 3.3. Let X be a hyperkdhler manifold with a compact Lie group G acting on X in a way that
preserves the hyperkdhler structure. Let fi : X — R3 ® gV be a hyperkiihler moment map and suppose
that E € R? ® gV satisfies that Ad;é7 = Efor all g € G and that the G-action on i~ (E) is free. Then the

quotient space [i~! (Z )/ G is a smooth manifold with a hyperkdhler structure induced by that on X.

By the famous ADHM construction [Ati+78], data (B 2, 1,J) € X for which " and € vanish can
be used to construct an SU(n)-instanton of charge k on R*. We shall not give any details of the ADHM
construction. In any case, by Theorem 3.3,

M= (n, k) = {(B12.1,J) € X | " (B12, 1.]) = i (B12,1,]) =0
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and the stabilizer U(k) (g, ,.1,7) is trivial}/U (k)

is a hyperkdhler quotient (as the trivial stabilizer condition is open). By the ADHM construction it is
isomorphic (as hyperkahler manifolds) to the moduli space EIRifIrlst(SU (n), k) of framed k-instantons for
gauge group SU(n). While this space is non-singular, it is also non-compact. There is the small instanton
singularity: Clearly, if (B2, 1,J) € X then so is p(Bj 2,1, J) for any p € C* but the limit for p = 0 has
non-trivial stabilizer, hence it is not contained in the moduli space.

This non-compactness was overcome by Uhlenbeck [Uhl82], introducing point-like instantons to the

moduli space:
k-1
Mo (n, k) = M2 (n, k) U U M (n, k') x sE K R
k=0
where s¥~K'R* consists of multisets of cardinality k — k” in R*. Each point in a multiset corresponds to
a pointlike instanton concentrated at that point. Pairs ([A], (xi, ..., x;)) are called ideal instantons and
Mo (n, k) is the framed moduli space of ideal instantons. This is a compactification of ‘Jﬁgeg(n, k) but it

has singularities.

Resolving the singularities in 9t (7, k). Adding ideal instantons to the moduli space introduces sin-
gularities. We define a new moduli space (by two different definitions) that resolves these.

DEFINITION 3.4. We say that ADHM data (B 2,1,J) € X are stable if they satisfy the following stability
condition: Any subspace S C K that contains im I and is invariant under B| and B, must in fact be equal
to K.

We say that (B 2,1, J) are co-stable if any B -invariant subspace S C N contained in ker J is zero.

We will only work with the stability condition for our moduli space. Rephrasing the stability condition
as saying that K has a basis consisting of vectors B*I, where B* is some product of Bj » and /, is the a-th
column of / demonstrates that the stability condition is open; small perturbations of (B 2, I, J) preserve
the linear independence of the basis vectors B*1,.

We prove now

LeEmMA 3.5. Suppose (Bi2,1,J) satisfy the stability condition. Then the stabilizer of the GL(k,C)-
action on (B12,1,J) is trivial.

Proof. Suppose for g € GL(k,C) that (gBl,gg‘l,gl,Jg‘l) = (B12,1,J). Then gB;» = Bj 28 and
(g—-1)I=0,ie. im/ C ker(g —1). Now, if v € ker(g — 1), then (g — 1)B12v = B12(g — 1)v =0, so
ker(g — 1) is closed under multiplication by B . Thus, by the stability condition, ker(g — 1) = K, i.e.
g= 1. O

LemMA 3.6. If (B12,1,J) € X has trivial stabilizer in GL(k, C), then dufBl L) has full rank.

Proof. At (B12,1,J), the derivative is
d'ume,I,J) : (531’2,51, 5]) = [681, BQ] + [B],éBz] + (61).] + I((SJ)
The cokernel of this is given by matrices ¢ € C*¥** which are orthogonal to the image, i.e.

coker = {¢ € CF** | tr ((/JTdnyl Z’I,J)((SBI’Z, ol, 6J)) = 0 for any tangent (6B 2, 01,0J)}
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={peC* | [¢",B1]=[¢".B2] =0,¢'1=0,J9" =0}.

But, comparing with (17) this means that the infinitesimal action of ¢' € gl(k, C) at (B, 1,J) is zero.
As the stabilizer of (B2, 1,J) in GL(k, C) is trivial, it must then be that ¢ = 0. O

Thus we find that du¢ has full rank at all stable points. Together with Lemma 3.5, this shows that
{u¢ = 0, stability condition} is a smooth complex variety. As both ¢ = 0 and the stability condition
are G L(k, C)-invariant, we can quotient by the GL(k, C)-action. By Lemma 3.5, this quotient is non-
singular, i.e. a complex manifold, of dimension 2nk:

M (n, k) = {u° = 0 and the stability condition (def. 3.4) holds}/GL(k,C) (18)

This is the resolved moduli space we will work with in our treatment of instanton counting. Note that
it is not compact: Rescaling [B)2,1,J] € M(n, k) by p € C* preserves both 4 = 0 and the stability
condition, but if p — 0 or p — oo, [pB] 2, pl, pJ] doesn’t converge in M (n, k).

As shown in [Bar77], the space M (n, k) can be interpreted as the framed moduli space of torsion-
free sheaves on P? of rank k and second Chern number n. A framed torsion-free sheaf is a pair (E, ®)
where E is a torsion-free sheaf on P? with tk E = k and ¢»(E) = n (using H*(P?;Z) = Z) which is
locally free in a neighborhood of £, C P2, the line at infinity. The framing at infinity is an isomorphism
D:E|, — (9;‘?05 . In the simple case where k = 1, M(n, 1) is isomorphic to the Hilbert scheme of
n points on C2. This interpretation and the necessary geometric invariant theory background is a main
focus of Nakajima’s lecture notes [Nak99].

In fact, the framed moduli space of instantons EIRf)eg(n, k) has a similar algebro-geometric interpreta-
tion, identifying it with the framed moduli space of locally free sheaves on P2, as shown by Donaldson
in [Don84].

The space M (n, k) can be equipped with a hyperkihler structure. To do this, one has to prove that it
is diffeomorphic to the hyperkihler quotient

M (n, k) ={(u", 1) = {1k, 0)}/U(k)

where £ > 0 is an arbitrary real constant. The isomorphism type of M, (n, k) is independent of { so
long as ¢ # 0 but, as we defined I (n, k) using the stability condition, the isomorphism with M (n, k) is
easier to construct in the positive case. For the negative case, one would instead work with the co-stability
condition in the definition (18).

Lemwma 3.7. If (B12,1,J) € X satisfy the deformed real ADHM equation u" = { > 0, then we have the
Jollowing stability condition: Any subspace S C K that contains im I and is invariant under B, and B,
must in fact be equal to K.

If instead u” = { < 0, then we have the co-stability condition that any B »-invariant subspace S € N
contained in ker J is zero.

Proof. We prove the case { > 0, the negative case is analogous. To be shown is that for a vector space
S 2 im/ invariant under B, its orthogonal complement S* C K is trivial. Define the orthogonal
projection P : K — S*. Furthermore, PB; (1 -P) =0, (1 - P)>=1- P and P' = P, implying

| PB12B] ,P — PB] ,B12P| = tr |[PB1 2B ,P - PB] ,B12P + PB| ,PB1 2P — PB\ PB] ,P|
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=t |PB1o(1 = P)B] ,P - PB] ,(1 - P)B1>P|
=—tr[((1 - P)B12P)"(1 - P)B12P] < 0.

Using the ADHM equation " = {1k, we have

[go =P’ P =P ([Bl, Bl]+ By, Bl] + 11" - JTJ) pt
= P[B, B{]P + P[By, B}]P — (PJ")(PJT)!

where we used that PI = 0. Taking the trace, we get
0<trilse =—tr(PJT)(PI")T —tr [((1 - P)B12P)"(1 - P)Bi ,P] <0.
Finally, tr T2 = 0 implies that S* = 0. o

This lemma, together with Lemma 3.5, shows that the quotient It (n, k) is non-singular. Further-
more, the lemma shows that the obvious map

feoAu =4, u=0}/U(k) =My (n, k) = M(n, k) = {u =0, stability}/GL(k,C),

sending B 2,1, ]y ) to [B12,1,J]GL(k,c) is well-defined. That this map is an isomorphism of com-
plex manifold is a special case of a theorem for quiver varieties: These have two different constructions
generalizing M (n, k) and M (n, k) and these constructions are equivalent [Kirl6, Theorem 10.49]. Our
moduli spaces M(n, k), M, (n, k) are the Jordan (Ao) quiver’s quiver variety.

Using standard tools relating hyperkéhler quotients and algebro-geometric quotients (as presented in
[Nak99]), the framed moduli space of ideal instantons Wiy (n, k) can be shown to be in bijective corre-
spondence with the affine algebro-geometric quotient {u¢ = 0}//GL(k,C) (cf. [Nak94b, Proposition
2.1]). Then there’s a natural map 7 : M, (n, k) — Mo(n, k) and Nakajima [Nak94b, Theorem 2.2]
proved that it is a resolution of the singularities introduced by Uhlenbeck compactification.

Interpretation on non-commutative R*. In [NS98], the resolved moduli space {u" = £, u¢ = 0}/U (k)
was shown by Nekrasov and Schwarz to be the moduli space of U(n) k-instantons on non-commutative
R* = (x1, x2, x3, x4) with relations

[z0,20] = [z1,21] = -3

where zg = x1 +ix2, 2] = X3 +ix4. On non-commutative R* not all U(1)-instantons are gauge-equivalent,
unlike for commutative R*.

3.2 Fixed points and equivariant localization

In [NekO03], Nekrasov transformed the equivariant integral (12) defining the instanton partition function as
a sum over n-colored partitions of size k (cf. appendix A). He applied a localization method introduced in
[MNSO00] to reduce the integral to a multi-dimensional contour integral. The sum then arises by applying
the residue formula to this contour integral.

We will transform the integral (12) using a different localization procedure, applying Theorem 2.14.
To do this, we introduce a torus action on 9t (n, k), locate all its fixed points, and compute the Euler classes
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of the tangent isotropy representations. Nakajima and Yoshioka [NY05] found the fixed points using the
identification of 9 (n, k) with the framed moduli space of torsion-free sheaves on [P, mentioned in the
previous section. Our process differs from theirs therein that we make no use of this interpretation of the
moduli space, but rather work solely within the ADHM description (18). After locating the fixed points,
we must calculate the Euler classes of the tangent isotropy representations. The partition function is then
the sum of their reciprocals.

3.2.1 Fixed points
In the previous subsection we discussed the G L(k, C)-action
g € GL(k,C): g (BB, 1,J) = (gB1g” ', gBog ™" g, Jg ™)

on X, by which we quotiented to construct i (n, k). We introduce holomorphic actions by G L(n, C) (the
complexified gauge group, acting on the right) and (C*)? (the complexified maximal torus of Spin(4))
on X which commute with the GL(k, C)-action and thus descend to the quotient M (n, k).

heGL(n,C): (B1,B>,1,J) - h = (By,Bs, Ih, k")) (19)
(q1,92) € (C¥)*: (q1,92) - (B1,B2,1,J) = (q1B1,92B2,1,49J), (20)

where we define ¢ := g1¢». The corresponding infinitesimal actions gl(k, C), gl(n, C), C* — T(B,.0.0)X
at (By, B, 1,J) are:

¢€gI(k’C> ¢'_)([Bla¢]’[B2’¢]’_¢I’J¢) (21)
aegl(nC): a— (By,By, Ia,—aJ) 22)
52(81,82)666962 §I—>(8131,8232,1,€J), 23)

where we define € = g1 + &3.

We restrict the action of GL(n, C) x (C*)? to T, the complexification of the maximal torus in U(n) x
(C*)2. This is a non-compact torus, isomorphic to (C*)"*2. Then an element (a, ) € t consists of a
complex diagonal matrix and a pair of complex numbers:

aj

a= ) and g=(e1,&).

an

Note that here, unlike in Chapter 2, we denote the non-compact torus by 7 rather than 7¢c. While the
G L(n, C)-action is on the right, the action by T is on the left as T is abelian.
Now let us find the fixed points of the action of 7" on Mt (n, k). For a point (B 2, 1, J) € X to represent
a T-fixed point in the quotient M (n, k) = {u€ = 0, stability}/GL(k, C), it must be that the action of
T preserves the GL(k,C)-orbit of (B;,1,J). That is, for every (e, eg) € T there must be a ¢? €
GL(k,C) such that
(e e®) - (B I.J) = e (Bi2.1.]) (24)

and this is unique by the freeness of the GL(k,C)-action. It is easy to check (cf. Lemma 3.12) that
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(€% e%) > e?isa homomorphism of Lie groups and
¢:t—gl(k,C), (a,8) ¢(a,&)

a homomorphism of Lie algebras. We will mostly suppress the variables a, £ in the function and just
write ¢ for ¢(a, €).
The infinitesimal version of equation (24) is that (21) = (22) + (23), i.e.

[¢,B12] = £1,2B1,2, (25)
oI = Ia, (26)
Jo=aJ—el. 27)

These equations put constraints on the homomorphism ¢. We call them the fixed point equations.
We denote by I, € CK*! the columns of matrix I and by J, € C'** the rows of matrix J:
Ji
1=(n ... 1) and J=|:
In
For us « is always an index ranging from 1 to n. Using these matrix decompositions, equations (26), (27)
can be written as
dlo =0ly (28)
Jap = (ae — &)Ja (29)

meaning that /, and J,, are respectively left or right eigenvectors of ¢. In fact, the following lemma shows
that we have even more information about the spectral properties of ¢.

Lemma 3.8. Suppose (B12,1,J) € X and ¢ : t — gl(k, C) satisfy the fixed point equations (25), (26),
(27). Then for any product B* of the matrices B » with fi factors of By and f, factors of B, (i.e. some
reordering of B{ : Bf ), we have

¢B*Ia =(aq + fier + f282)B*Ia

and
J(l/B*¢ = (aa - (fl + 1)81 - (fZ + 1)82)J(1B*-

Proof. The proof goes by induction. The base case where B* is the empty product is just (28), (29).
Now, if the lemma holds for B* a product of f; factors B and f; factors B;, then, using the commutation
relations (25) and the induction hypothesis,

¢B12B*1, = (B12¢ +€12B12) B'l,

=By (ang + fig1 + &2 +£12) B,
and

JoB*Bi2¢ = JoB" (¢B12 — €12B12)
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=JoB (0o — (fi+ Der - (fo+1)e2—€12) Bin
which is what was to be proved. O

Using this we can show that J = 0: The stability condition from definition (3.4) is equivalent to the
vector space K being generated by vectors B*Ig where B* is some product of f; factors of By and f>
factorsof Boand f=1,...,n. By Lemma 3.8, forany o, 8 =1, ..., n, we have

(ag — &1 — 82).]@3*1,3 = ](1(]53*15 = (aﬁ + fie; + fzSz)]aB*Ilg.
We can easily choose a and € such that, for all f;, > € Zxo,

g — €1 — &2 #ag + fie1 + frer.

Hence it must be that J, (B*Ig) = 0 and thus, as vectors B*Ig generate K, the linear map J must be zero.
Essentially we argue that, as the left and right eigenvalues of ¢ are identical but the sets of left and right
eigenvalues suggested by Lemma 3.8 are disjoint, the purported right eigenvectors J, must vanish.

Now the complex ADHM equation u€(Bj2,1,J) = 0 together with J = 0 imply that [B, B] = 0.
Thus we have proved

LeEmMA 3.9. Suppose (B12,1,J) € X represents a T-fixed point in M (n, k). Then J = 0 and B>
commute.

We wish to identify the fixed point represented by (Bj », I, J) with an n-colored partition A = (1', ...,
A™). Now that we know B; » commute, the stability condition (def. (3.4)) implies that the set

o1 —1 o —1
Q = {b(l,(S1,S2) = B;l B;z Ia, | S1,82 = 1,2, ...and a = 1, . ,n}
generates the vector space K. Lemma 3.8 tells us that b, (4, 5,) 18 an eigenvector of ¢ with eigenvalue

¢a,(sl,s2) =0q t+ (S1 - 1)31 + (SZ - 1)82-

We can choose a and € such that all numbers P a,(s,s,) are distinct, meaning all eigenvalues of ¢ have
multiplicity 1. Of course, K is of finite dimension k, thus all but k of the vectors b, (5,-1,5,-1) must
vanish. If by (5,-1,5,-1) = 0, then

ba’,(SI,SQ—l) = Blb(l’,<S1—1,S2—1) =0 and ba,(sl—l,sz) = BZba,(sl—l,sz—l) =0

2
>

ba,(si-1,5,~1) is non-zero, must form a Young diagram (cf. appendix A), with corresponding partition

must also be zero. This means that for each @ = 1,...,n, the combinations (s1,s7) € Z 0 for which

A=A 2 A8 2.0, A% =max{s; € Zso | B 'BY ', # 0},

where we define max () := 0. Summing up:

LemmA 3.10. Suppose (B2, 1,J) € X represents a T-fixed point of W(n, k). Then there exists a unique
n-colored partition L, determined by the fixed point, such that

B={by = B‘I‘_lez_lla |la=1,...,nand 0= (s1,57) € 1%}
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is a basis of K.

Proof. The preceding discussion showed that such an n-colored partition A exists and is uniquely de-
termined by (Bj2,1,J). That the partition is independent of the particular representative of the fixed
point is easy to check; any such representative will be related to (B 2,1, J) by the action of a matrix
A € GL(k,C) and the resulting basis will be b/, = Ab 4. O

Lastly, we check that the defined correspondence

{T-fixed points in Ni(n, k)} < {n-colored partitions A of k} (30)

’

1,2°
fixed points corresponding to the same n-colored partition A. We want to show that they actually represent

really is one-to-one. We start with injectivity: Thus, suppose (B2, 1,J) and (B ,,I’,J’) represent two

the same fixed point, which is the case if and only if they lie in the same G L(k, C)-orbit. We define a

linear map g € GL(k, C) by specifying it on the bases B, B’ of K defined by (B 2,1, J) and (B} ,,I’,J’):

g:bon b

aid»

i.e. g is the ordered basis transformation B — B’. This definition is possible because A = A’. For any
basis element b/, € B3’

gBlg_lb'ag =gB1bon = gba,D+(1,0) = b;’g.,.(l’o) = Bibzm

(where by 04(1,0 is zero when O+ (1, 0) lies outside the Young diagram). This proves that gB; g = B,
1

’

and analogously gB>g™" = B, holds too. Furthermore, using 1o = b4 (1,1) and Iy, = b/, (1.1)°

gI:g(Il In):(gll gln)z(lg 1,;):1'.

As, by Lemma 3.9, J = J' = 0, these are also g-related. Hence we have found that (B>, 1,J) and

(B} ,,I',J’) really lie in the same G L(k, C)-orbit, meaning that (30) is injective.

To see the surjectivity of (30), let A be an n-colored partition of size k = |A|. Let
B={bynl|la=1,....,n,0€ 2%}

be any basis of K parametrized by the boxes in A. If O ¢ 1%, we set b,n = 0. Now we construct a fixed
point [Bj 2,1, J] € M(n, k) corresponding to A by specifying the linear maps B », I, J on the basis 3:

Bi:K—> K, bag baoe1,0)
By : K —> K, bapnt bapo,1)
I:N—>K, ey by,

where e,, @ = 1,...,n is the standard basis of N = C". AlsosetJ =0 : K — N. Itis easy to see that
(B1.2,1,J) satisfy the stability condition and u¢ = 0, i.e. they represent a point in M (n, k). To see that
this point is 7-fixed, define the map

¢:t—>gl(k,C), (a,8) — ¢(a,é),

¢(aa§)ba,(s1,s2) = (aa + (Sl - 1)81 + (SQ - I)SZ)ba,(sl,sz)-
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Then equations (25), (26), (27) hold, meaning that the infinitesimal actions of (a,&) € t and ¢(a, &) €
gl(k,C) on (By,1,J) are identical. This implies that the torus action on (Bj,1,J) preserves the
GL(k,C)-orbit. Thus, [Bi2,1,J] € M(n, k) is the T-fixed point corresponding to A.

Now we have proved that the correspondence (30) is well-defined and 1-to-1 and thereby identified
all T-fixed points of M (n, k).

THEOREM 3.11. On the moduli space M (n, k) defined in (18), the fixed points of the non-compact torus
action given by (22), (23) are in 1-to-1 correspondence with the set B (n, k) of n-colored partitions of size
k.

Furthermore, at the fixed point specified by h € B(n, k), the homomorphism ¢ : t — gl(k,C), given
by the fixed point equation (24), has its eigenvalues parametrized by the boxes in the associated Young
diagrams:

ban=0a+(s1—Der+ (52— e

fora=1,...,nand 0= (s1,57) € 1%

3.2.2 The tangent isotropy representations

From (12), our objective is the equivariant integral /&m (n.0) 1 where 1 € H7.(M(n, k);R) is the multi-
plicative identity of the equivariant cohomology in the Cartan model. For a T-fixed point A = [By 2,1, J],
the pullback ;1 =1 € § (tV). Thus, appealing to the equivariant localization Theorem 2.14, we define
the integral

1
| = S
-/EIR(n,k) le%’k) el (T, M(n, k))

as the sum over all n-colored partitions A of size k, of the reciprocals of the Euler classes of the tangent
isotropy T-representations. Our goal now is to compute this Euler class of 739t (n, k) which, by Lemma
2.13, is the product of the representation’s weights. Thus, the problem becomes describing the structure
of the representation 739 (n, k) in a way that reveals its weights.

As the manifold i (n, k) is constructed as the quotient of a zero set {u“ = 0, stability} by a group
action GL(k,C) ~ X, the tangent space T) Wi (n, k) is canonically isomorphic to the cohomology of the
complex of vector spaces

a du©
al(k,C) 5 Tig, 1.0 X 5 End(K), (31)

where the first map is the infinitesimal action « : gl(k,C) — T(p,,,7,7)X and the second map the
derivative of the complex moment map: d,ufBl’zJJ) : T(By,.1.1yX — End(K). By the freeness of the
GL(k,C)-action on X, the first map is injective. By Lemma 3.6, the second map is surjective. Our
strategy in calculating e’ (T30 (n, k)) is then applying Lemma 2.16. But to apply this lemma, we need
that the complex (31) is equivariant. We find T-representation structures on gl(k,C), T(p, ,.7.7)X and
End(K) such that the maps in (31) are equivariant and the 7-representation 739t (n, k), given by (22),
(23), is the cohomology of the complex. Then Lemma 2.16 implies that

T;vim(n, k) = —g[(k, C) + T(Bl,z,I,J)X - End(K)

are isomorphic as virtual representations. We start by modifying the T-action on X (cf. (22), (23)) using
the map ¢ : t — gl(k, C) characterizing the fixed point:
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LemMmA 3.12. Suppose there are two commuting group actions G, T on a set X and the action of G is
free. For any point [x] € X/G that is fixed under the descending action T ~ X/G, there is a unique
antihomomorphism g : T — G such that tx = gx for all t € T. Furthermore, the modified T-action

T~X: txx=g() "tx
on X and the unmodified T-action (t,x) > tx on X descend to the same T-action on the quotient X /G.

Proof. The descending T-action on X /G is defined by ¢[x] = [fx]. Thus [x] € X/G is T-fixed if and
only if for each ¢ € T there is a g € G such that tx = gx. As the G-action is free, this defines a function
g : T — G. Now for any #1,#, € T it holds that ¢t;t,x = t;g(f2)x = g(t2)t1x = g(t2)g(¢1)x, thus g is
an antihomomorphism, which makes the modified T-action T ~ X : t * x = g(¢)~'tx well-defined.
While the modified T-action and the G-action on X don’t necessarily commute, the modified T-action
still descends to the quotient X /G:

txgx=g(t) 'tgx=g(t) 'gtx ~ g(t) 'tx =1 % x,

where ~ is the equivalence relation on X defined by the G-action. As  * x = g(¢)~'tx ~ tx, the modified
and unmodified T-actions really do descend to the same action on X/G. O

If one instead defines g(¢) by g(#)tx = x, it would be a homomorphism. In our application 7 is abelian
so the antihomomorphism is a homomorphism anyway. The modified T-action on X, defined by Lemma
3.12 and homomorphism ¢ : t — gl(k, C):

e @8 w (Byo,1,0) = e ?(®). (e(a’é) (BT, J))

=(efle ?Bie?, e2e P Bre?, e ?1e, efe ™ Je?), (32)

where ¢(a, £) satisfies the fixed point equations (25), (26), (27) and has spectrum given by A as in Theorem
3.11. This action is in fact linear, so the isotropy representation on 7(p, ,.7,7)X looks identical.

From Lemma 3.12 it is clear that the action induced on the quotient (7, k) by the modified action on
X isidentical to that induced by the unmodified action. The same is true for the isotropy representations on
T3 M (n, k), whose structure is our objective. From now on, we always regard T, , 1,7) X as the modified
T-representation. We define auxiliary T-representations

« on K by e(®%) «y = ¢%y (this depends on the fixed point A, through ¢, and is isomorphic to the
representation K; defined in the appendix A using the quotient C[x, y]/1,),

e on N by e(®8) 4y = ety
e onQ; =Chby e®® wz=¢f1zandon 0y = C by e(®%) « z = ¢®2z. Their sumis Q = Q1 + Q.
Then, looking at (32), there is an isomorphism of representations
T ,.1,.0)X = Q1K' K+ Q2K'K+K*N+Q10:N'K

where we drop from our notation tensor products and write + for direct sums.
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LeEmMA 3.13. There exist T-representation structures on gl(k, C) and End(K) such that
d (&
al(k,C) 5 T, ,.1.0X > End(K)

is a complex of representations, meaning in particular that a and du® are T-equivariant. These repre-
sentations are isomorphic to:

gl(k,C) = K*K, End(K) = 0,0,K'K

We deliberately use two different notations gl(k, C), End(K) for the same vector space to stress that
they are different as representations.

Proof. The map gl(k,C) — T(p,,.1,7)X is the infinitesimal GL(k, C)-action on X, i.e.

lr// = ([W9B1,2]917019_‘]¢’)‘

The representation structure on T(p, ,.7,7)X is given by (32). Using the fixed point equation e(®8) 4
(Bi12,1,J) = (B12,1,J), itis then easy to check that the map is equivariant if we equip gl(k, C) with the
T-representation structure e(®%) « M = e~ Me?.

We want the map
A, 1.0y T X = End(K),  (6B12,61,6J) = [6B1, Bo] + [B1,6Ba] + (61)J +1(6J)
to be equivariant. Let us see how du® transforms under the modified T-action on 7(p, , 1,7 X:
dlumeI,J) (e®12e7?6B) 2e?, e ?51e", eFe " Je?) = e‘ge_‘z’dufBl’zJ’J) (6B1.2,61,6J)e?,

where we used the fixed point equation e(4:8) (B1,2,1,J) = (B1,2,1,J). This means that, if we define

the representation structure of End(K) to be Q10,K*K, then d,ufB1 LT is T-equivariant. O

)

Thus, applying Lemma 2.16 shows that the T-representation 73 It (n, k) is isomorphic to the virtual
representation

LM (n, k) = -K'K+Q1K'K+Q:K'K+K*N+Q10:NK — Q10,K*K (33)
Defining Q = Q1+ Qs and A_1Q = AYQ — ALQ + A%Q, this can be written also as
K'N+Q10>:N*K - (A_1Q)K*K. (34)
REMARK 3.14. The representations Q, K, N come from T-equivariant vector bundles over I (n, k):

* Q is the spacetime bundle, a trivial complex vector bundle of rank two defined as the pullback by
the collapsing map Mi(n, k) — = of the representation Q. It splits Q = Q; & Q».

* N is the framing bundle, a trivial complex vector bundle of rank n defined as the pullback by the
collapsing map of the representation N.
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* We define the instanton bundle K to be the associated vector bundle to the principal GL(k, C)-
bundle
{u€ =0, stability} — {u =0, stability}/GL(k, C)
and the fundamental representation of GL(k, C).
The representations Q, N, K are then the isotropy representations of these bundles at the fixed point A,
i.e. Q = Ql;v, N = N|;v and K = K|;v.
For the purposes of quiver gauge theories, which have matter fields, we will later also introduce

equivariant vector bundles M encoding the masses of the theory and these will contribute to the integrand
of the integral over the moduli space.

It would now be nice to simply compute the Euler class of 7; 0t (n, k) using (34) as

e’ (K*N) € (0102N*K)
el (A_1K*K)

However, some of the representations in (34) have zero as one of their weights, meaning that their Eu-
ler class vanishes. The zero weight spaces (as well as many other weight spaces) in (34) cancel in the
difference, simplifying as stated in the following lemma.

LemMma 3.15 ((NYO05]). The T-representation T) I (n, k) is isomorphic to

n

Z pla—p Z Q;l/lﬁ(D)Q;A‘Y(D)+1+ Z Qzlmu)an—a,lﬁ(D) ’ (35)

a,B=1 oeA® oeAl

where %% denotes a one-dimensional T-representation with character e*@~, the powers of Q2 are
to be understood as tensor products, and the arm- and leg-length of a box O = (s1, s2) in a partition A is
defined as a,(0) = A5, — 52 and [1(0) = /132 - 51

Proof. We already showed that 7,9t (n, k) is isomorphic to the virtual representation (33). The repre-
sentations involved in this sum split into their weight-spaces according to

K= Zea” Z ooy, N= Zn:e“n.
= a=1

Proving the lemma then boils down to cancelling the weight spaces that occur in (33) with both a positive
and a negative sign. This process is well-presented in [NYO05, Thm. 2.11], so we skip it here. O

Now we just need to compute the Euler classes, i.e. the products of the weights, of (35). Using that the
weight of the one-dimensional representation e®~% Q’i Qé is a, —ag+ig| + jez, we can finally evaluate
the partition function Zing = X5 k> heB(n,k) Za completely:

1
~ T(TM(n, k)

-1 1] : I :
ag —ag —Lp(0)er + (ae(0) + 1)er - ag —ag+ (e (O)+ e —ayp(D)er

a,f=10€e1® eAB
(36)
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In [NekO3] and [NOO6], the expression (36) was simplified:

ag —ag+ei(s—1)+e(-t)

Zy = - 7
apis,t Qo — Op+ e1(AF —s)+ex(t - A5 - 1)
~ TAZ =P 4 v(t =5+ 1) +bap)T(v(f = 5) + b og) a7

(as)eip) TAT =2 (1= 5) +Dog)T(v(1 — 5+ 1) + bop)
where the products are over a,8 € {1,...,n} and s,t € Z-( (not just boxes within the partition but
also those outside of it) and we define v = —&;/e2 and bog = a“;aﬁ . We should point out that these
simplifications only hold for n > 2.

For the special case where v = 1, we adopt the notation 7 := —&| = &;. In this case, (37) yields

aa—a,;+h(/l§’—/l,ﬂ+t—s)
4= l_[ Ao —ag+h(t—ys)
(@,9)#(B.1) @
In this case, Z;, is related to the Plancherel measure on the set of isomorphism types of irreducible rep-
resentations of the symmetric group: The irreducible representations of the symmetric group Sy are
classified by the partitions A of k. More details are given in [NOO6].

3.2.3 Other results

Approach of Nakajima—Yoshioka. Below (18) we discussed that i (n, k) can be interpreted as the
moduli space of torsion free sheaves on P2 with rank 7 and second Chern number k. In [NY05], Nakajima
and Yoshioka, working within this algebro-geometric framework, identified the fixed points of the T-
action on I (n, k) and computed the T-representation structure of the tangent spaces and from this the
Nekrasov partition function. In this setting, fixed points are sheaves I ®- - -®1,, whereeach I, € W (1, k)
is an ideal sheaf of a zero-dimensional subscheme contained in P? \ £, = C?, and a fixed point in
M (1, ky). In [ES87] it was shown that I, € M (n, k) is fixed if and only if (identifying it with its ring
of sections on C?), as an ideal of C[x, y], it is generated by monomials x“y”. Through the construction
in the appendix A, it then corresponds to a partition.

In their paper, Nakajima and Yoshioka also proved Nekrasov’s [Nek03] conjecture that Fipg(a, €) =
e1&2log Zingt(a, &) is regular at £ = 0 and that Fipg(a, 0, 0) is the instanton part of the Seiberg—Witten
prepotential. They did this by performing equivariant localization for a second moduli space I, the
framed moduli space of torsion free sheaves on P2, the blowup of P2 at [1 : 0 : 0]. This formally

Z:/l,
M

defining the partition function on the blowup. To prove the regularity of Fj,, they exploited relationships

computes the integral

between the partition functions Z(a, &) and Z(a, &).

Contour integral formula. Each Z; = 3 ;31=x Z» can be expressed as the multi-dimensional contour
integral

1o . dg, 2083, — &)
gL 1 5.t (&5,
“T k! (s182)F (270 f EI A(¢5)A(s + &) 1gl_l (93, - D@5, — &)

s<t<k
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where A(x) = [1}_, (x —ay) and ¢ ; = ¢ — ¢,. Nekrasov first obtained this formula in his original paper
on instanton counting [Nek(03], using a different localization technique developed in a different physical
context [MNSO0]. Within his paper, he doesn’t conduct the fixed point analysis as we did but rather
appeals to the contour integral, whose evaluation using the residue theorem yields a sum over poles, the
poles corresponding to fixed points or partitions.

3.2.4 Instanton counting in equivariant K-theory

The K-theory partition function is
Zilflst = ﬂ-*eT(O)

where 0 is the rank-zero equivariant vector bundle over Mt (n, k), €’ the K-theory equivariant Euler class,
i.e. €/ (0) = 1 is the multiplicative identity of K7(M(n, k)) and 7, : Ky (M(n, k)) — Kr(*) = C[T]

is induced by the collapsing map. Formally applying the localization formula 2.19, we obtain Zilflst =
S 9 2heP(n,k) Zf where
koL
b (LM (n, k)
n 1 1
= (Zl;ll Dl;[d 1 _ e—a(y+a'3+l/lﬁ (D)Sl_(a,[n (O)+1) & Dl;lﬁ 1 _ e_aa"'aﬁ_(l,ld (D)+1)8]+aﬂﬁ (e (38)

Note the similarity between (36) and (38): To get from the equivariant cohomology formula to the K-
theory formula, one need only replace all factors X in Z, by factors 1 — e X in Zf . This can again be
simplified further (case —&; = &, = 1) [NekO3]:

K _ 1_[ sinh J(ag — ag + 522 -2 +1-5))
AT R
(.)£(B.1) sinh %(aa —ag+n(t—s))

Physically, the K-theory partition function corresponds to five-dimensional gauge theories compactified

on a circle. If one introduces a parameter S proportional to the circle’s radius of, then % gets replaced by
B
2
limit of the K-theory partition function as the length of the fifth dimension goes to zero [Nek03, Sec. 4].

in the equation above. Then limg_, Z)If = Z;, meaning that the cohomology partition function is the

3.3 N =2 quiver gauge theories

We want to generalize instanton counting to gauge theories on Euclidean spacetime R* characterized by
quivers, whose vertices and edges correspond to fields.

DEFINITION 3.16. A quiver 7y is a directed graph with set of vertices Vert,, and set of directed edges
Edges,,.

For our purposes all quivers will be connected and have only finitely many vertices and edges. We
write

e:i— J,

where e € Edges, and i, j € Vert,, to indicate that e is an edge directed from vertex i (its source) to
vertex j (its target). For source i and target j we also use the notation i = in(e), j = out(e).
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Quivers will be used to define gauge theories including massive fields. For a given quiver, to define the
associated theory’s gauge group, we additionally need a coloring n = (1;);evert, € z

>0
The gauge group is then the product
G = >< U (ni),

i€ Vert,

of the quiver.

so each vertex contributes a factor to the total gauge group. For each factor U(n;) of the gauge group,
we have an exponentiated coupling constant g; € C*. The collection of coupling constants is denoted by
q_ = (Qi)ieVerty-

. . Vi
To define the theory’s matter field content, we introduce another coloring m € Z oy

o - The theory’s

flavor symmetry group is

Gy =|( X vomn)xvPe | [uay¥es (39)

i€Vert,

where we quotient by the U(1) Ve -action (defining a normal subgroup)

(’/‘i)ieVerty : ((gi)ieVerty, (ue)eeEdgesy) g ((uigi)iEVerty’ (uin(e)ueu;u]t(e))eeEdgesy))'
The theory’s field content is determined by the quiver and its colorings:

» for each vertex i € Vert, aset of N = 2 vector multiplets transforming in the adjoint representation
of (its factor U(n;) of) the gauge group

» for each vertex i € Vert, a set of N' = 2 hypermultiplets transforming in the fundamental represen-
tation C™ of the gauge group and the antifundamental representation C™ of the flavor symmetry

group

* for each edge e € Edges, a set of N = 2 hypermultiplets transforming in the bifundamental

Nin(e)

representation C ® CMoue) of the gauge group. In the case where the edge is an edge loop, i.e.

e : 1 — i connects a vertex to itself, this is a hypermultiplet in the adjoint representation.

For a definition of vector multiplets and hypermultiplets, we refer to [BilO1, Chap. 3]. We will not work
directly with these fields. Rather, we will define the theory’s instanton partition function geometrically.
The quiver gauge theory’s resolved instanton moduli space 9t (n, k) will be defined in (41). The instan-
ton partition function is then the generating function of equivariant integrals of certain vector bundles’
equivariant Euler classes over this moduli space, as we will discuss in Section 3.4. As the theory is fully
determined by the quiver and the two integer colorings n > 0, m > 0, we will often simply refer to triples
(y,n,m) as quiver gauge theories.

The theory also has a rotational symmetry Go = Spin(4) = SU(2);, X SU(2)g. Its maximal torus is
U(1)%. The complexification of the full symmetry group H = G x G f X Gror acts on the moduli space
M (n, k). Restricting the action to the complexification T = TG XTg, XTG,,, of the maximal torus of H, we
will perform equivariant localization. This reduces the partition function to a sum of rational functions
of the Lie algebra t = Lie(T). Elements of t, the equivariant parameters, will be denoted

(a,m, &) et
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and are physically interpreted as the Coulomb moduli (vacuum expectations of scalar Higgs fields),
masses and parameters of the Q-background (cf. [Ell15]). The Coulomb moduli

a;i,1
a = (a;)iever, € Lie(Tg) = EB gl(1,0)", a; =

ieVert
Y Qin;

consist of diagonal matrices with entries a; ,. The masses are split

m = (mi)ieVerty ® (me)eeEdgesy € @ gl(l’ C)mi 2] @ gI(l’ C)

i€Verty, ecEdges,,

Note that the RHS is not quite the Lie algebra of T 4> @s G 7 (cf. (39)) is a quotient by U ( I)V"“‘/ , so there
is a constraint on m. In the important case of the A quiver (one vertex, no edges), this is Z_’;le me =0
(for one-vertex quivers we omit the vertex index). For each vertex the masses form a diagonal matrix, for
edges they are just one scalar:

m; 1
m; = e gl(1,C)™, m, € gl(1,C)

mi ,m;
The parameters of the Q-background are
& = (&1, &) € Lie(Tg,,) = ¢l(1,C)%.
We frequently use the notation € = g + &;.
Examples. We list the two basic examples of quiver gauge theories. The Ay quiver (N > 1) has set of

vertices Vert, = {1,..., N} and edges Edges, = {1,..., N — 1} where the source of edge e is vertex e
and its target is vertex e + 1.

1 > 2 > .. > N

In particular, the A; quiver is the quiver with just one vertex and no edges. The quiver gauge theory
(A1, n,0) is exactly the N' = 2 pure (i.e. massless) U(n) gauge theory for which we performed instanton

VA

1 > 2 > > N

counting in Section 3.2.
The Ay quiver (N > 0) is

In particular, the Ay quiver is the quiver with just one vertex and one edge loop connecting the vertex to
itself. It is also called the Jordan quiver.

Dynkin diagrams and quivers. More generally, one may consider quivers associated to simply-laced
Dynkin diagrams (ADE) or their affinizations (ADE). One is then confronted with choosing directions
for the edges. The partition function depends on these directions.
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We define a quiver’s Cartan matrix:
cij=20ij—#e:i— j}—#e:j—i}, 1i,je Vert,

This is the same as the matrix 2/ — A, where [ is the identity matrix and A the adjacency matrix of the
underlying undirected graph. It is always symmetric and doesn’t depend on the directions of the edges in
y. When the underlying graph of y is a simply-laced Dynkin diagram (ADE) or its affinization (ADE),
the quiver’s Cartan matrix is the same as the Dynkin diagram’s or the simple or affine Lie algebra’s Cartan
matrix.

Unlike for simply-laced Dynkin diagrams, we do not associate quivers to non-simply-laced Dynkin
diagrams. Take for example B, = e==e». It is tempting to associate to it the quiver

17 72
—_—

However, the Cartan matrix of B, is ( 2, ') while that of the quiver is ( 2, 5*). More generally, all non-

simply-laced Dynkin diagrams have asymmetric Cartan matrix, while all quivers have symmetric Cartan
matrix. If we associate a quiver to a Dynkin diagram, their Cartan matrices should match. Thus, quivers
can’t correspond to non-simply-laced Dynkin diagrams.

Choices of gauge group. We defined the gauge group as a product of factors U(#n;). One can just as
well work with SU (n;) instead, and the instanton partition function would have the same form. The only
difference is that the Coulomb moduli a; € gl(n;, C) would instead be restricted to the smaller Lie algebra
sl(n;, C) (the complexification of su(n;, C)). This is to say that the partition function of SU quiver gauge
theory is the restriction of that of U quiver gauge theory.

Instanton counting has also been generalized to some other gauge groups [MWO04; NS04].

Asymptotic freedom and conformality. When the gauge group is )X; SU(n;), it can be shown [NP+23;
Nov+83] that the beta function 8 = (B;)iever, of the quiver gauge theory (y,n,m) is

,8,-:—2ni+ml-+ Z I’lj+ Z nj, (40)

eii—j e j—i

which can also be written in terms of the quiver’s Cartan matrix:

Bi=m; - Zcijnj

J
The beta function encodes how the coupling constant of a theory changes with the action scale through

renormalization. The theory is asymptotically conformal if 8 = 0, and asymptotically free if § < 0, by
which we mean ; < 0 for all i € Vert,. Imposing the condition g < 0 constrains the quiver:

ProrosiTion 3.17. If a quiver gauge theory (y,n,m) has B < 0, then vy is of type ADE or ADE.

Vert,,

Colorings n € Zzzrty, m € Z_ " such that (y,n,m) has B < 0 are guaranteed to exist for all ADE

or ADE quivers:

» Ify is an ADE quiver, then for every matter coloring m > 0 exists a coloring n > 0 such that the
quiver gauge theory ('y,n, m) has 8 function 8 < 0.
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e Ify is a ADE quiver, then any quiver gauge theory (y,n,m) with 8 < 0 has that 8 = 0 and the
matter coloring m vanishes. Colorings n > 0 such that (y,n,0) has 8 < 0 exist and they are all
related by multiplication with a positive integer.

Proof. For the first claim, note that a quiver gauge theory with 8 < 0 satisfies 3} ; c;jn; > m;. As the
matter coloring m; is always non-negative, this implies 3. ; ¢;jn; > 0. Now, a basic fact from the theory
of generalized Cartan matrices (cf. [Kac90, Chap. 4]) is that, if there exists a coloring n > 0 such that
2jcijnj = 0, then the Cartan matrix is positive semi-definite. This in turn implies that the underlying
undirected graph is a simply-laced Dynkin diagram (positive definite) or its affinization (positive semi-
definite) [BH11, Theorem 3.1.3].

For a finite Dynkin quiver (ADE), it can be seen from [Kac90, Thm. 4.3] that forany m > 0 a
coloring n > 0 exists such that Zj cijn; > mj,ie. B <0.

For an affine Dynkin quiver (ADE), every coloring n > 0 with 3} ; ¢;jn; > Oin facthas > ; ¢;jn; =0
[Kac90, Thm. 4.3]. Thus, any theory with 8 < 0 must in fact have § = 0 and m = 0. As an affine Cartan
matrix has one-dimensional kernel spanned by a vector with only positive real entries [Kac90, Thm. 4.3],
and the Cartan matrix has integer entries, there exists a vector n € Z\;)rty spanning the kernel of (¢;;). O

Thus there are strong physical arguments for restricting to quivers coming from finite or affine simply-
laced Dynkin diagrams, which we will do in parts of Chapter 4. However, for now we perform instanton
counting for general quivers.

3.4 Instanton counting for quiver gauge theories

In Section 3.2, we performed the equivariant localization for the case of gauge theories with single-factor
gauge group U(n) and with no matter fields, that is, the A; quiver gauge theories with matter coloring
m = 0. The quiver gauge theories that give rise to non-perturbative Dyson—Schwinger equations and
gq-characters are in general more complex. Here there are multi-factor gauge groups Xievmy U(n;)
and matter fields; for each vertex there are m; masses of an adjoint hypermultiplet, and for each edge
e : i — j there is a hypermultiplet of mass m, in the bifundamental representation of the gauge group
factors U(n;), U(n;).

An instanton for the multi-factor gauge group consists of an instanton for each factor U (n;), each hav-

ing its own charge. Thus, we define the resolved moduli space of instantons with charges k = (k;) ieVert, €

Vert,,
7 >0

M k) = Y M, k). (41)
i€Vert,
It should be noted that this is not the quiver variety (which will be introduced in Section 4.4). The quiver’s
edges do not contribute to M (n, k). They will, however, contribute to the integrand of the integral defining
the partition function (43).

Due to the multi-factor gauge group and the flavor symmetry group of the matter fields, the full group
whose action on It (n, k) we consider is larger than in the previous section. Namely, itis G X G 5 X G
which has as its maximal torus U(1)/2l x T XU (1)%. To compute the instanton partition function for
quiver gauge theories, we appeal to equivariant localization with respect to the complexification 7" of this
larger torus. The equivariant parameters (a, m, £) € t were introduced in Section 3.3.

The flavor group G acts trivially on the moduli space M (n, k) and the T-action doesn’t mix the
different factors in (41). Thus, the problem of finding the T-fixed points simplifies to finding the fixed
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points for each factor M (n;, k;), a problem we already solved in Section 3.2. By Theorem 3.11, we find
that the fixed points for the quiver gauge theory are given by n-colored partitions

A = (M)iever,

so for each vertex (factor U(n;) of the gauge group) there is a vector A= (1) ey n; of n; partitions
whose sizes sum to k;.

For each vertex i we define a T-equivariant matter bundle M; — 9 (n, k). Topologically, it is trivial
of rank m;, with T acting on the total space as

e(OLM,E) (x,v) = (e(g,m,«?) x,e™iy).

Note that ¢™ is an m; X m; matrix, so this makes sense. Alternatively, M; may be seen as the pullback
by the collapsing map 9 (n, k) — * of the representation (™)  ¢™i of 7. Similarly we define for
each edge ¢ a rank-1 T-equivariant matter bundle M, — 9 (n, k) as the pullback of the representation
e(@ME) ;5 oMe by the collapsing map.

The bundles K,N — Mi(n, k) from remark 3.14 have relatives over Mi(n, k): For each vertex i €
Vert, we have a projection M (n, k) — M(n;, k;) to the i-th factor of the moduli space. To obtain vector
bundles K;,N; — 9t (n, k) we just pull back the bundles K, N defined over M (n;, k;) in remark 3.14.
Armed with all of these bundles, following [Nek16] we define the virtual T-equivariant bundle

B=B""" = (D) MiK;® (D M (NowKin) ® (NN, Koue) © (A 1QKoue)Kiy o))
i€Verty, ecEdges,,
(42)
of the quiver gauge theory (7, n, m), where we suppress tensor products in our notation and the bundle Q
is the pullback of the representation Q from Subsection 3.2.2 by the collapsing map 7 : W (n, k) — =*.

Then the instanton partition function of the quiver gauge theory is defined in terms of the bundle B,

N ) 43)
A m

(n,k)

Vert,,

k . ki . . .
o and we define 0% = [T;cver, ;- Using equivariant

where the sum is over instanton charges k € Z
localization, this is (formally) transformed to

e’ (B3)

Zinw = ) 0" T
i ;— & € (M(n. k)

3
=

As T3 M(n, k) = P, eVert, T,iM(n;, k;), the Euler class of the tangent representation is just the product
of the Euler classes calculated in Section 2.5 (cf. (36)):

'MMn k) = || @M, ki)

i€ Vert,

The Euler class of the virtual representation B, is defined as the quotient of the Euler classes of the
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positive and negative summands in (42). We list the characters of the representations involved:

ni

ChT(Nzll) — Z eaia, ChT(Ktu) — Z e¢mu
a=l (a.0)el!
ChT(/\lel) = 68, ChT(A_lQlL) =1- esl — 882 +€8,
m;
Ch" (M;]y) = > e™, Ch? (M,]3) = e™
7=

The weights of the representations are the exponents in their characters. From this:

m; Nout(e)
ET(Bll) = 1_[ 1_[ l_l (¢im:| - mi,f) l_[ l_[ l_[ (me + Qout(e),p — ¢in(e),a,|:|)
ieVerty | f=1 (q,m)ed! ec<Edges,, (Q’D)e;“iﬂ(c’) B=1

-nin(e)

l_[ l_[ l_[ (Me = Qin(e),a + Pout(e),p,0 + €)

e‘(EEdgCSy a=1 (ﬁ,D)Glom(e)

l_[ l_[ l_[ S(me - ¢in(e),a/,|:| + d’out(e),ﬁ,[l’) (44)
e‘EEdgCSy _(Q,D)elin(e) (ﬁ,D')Elom(e)

where S(x) = c){(Al_lQ) = (”)f(';fr); ;82) . Ultimately, the instanton partition function of the quiver gauge
theory is
T
€ (Bly)
Zinst = Z qk[L] ZL, Where Z& = T+. (45)
1eB (n) - € (TLEIR(Q’ k))
Localization in K-theory. The K-theory instanton partition function of (y,n, m) is
ZK = ) dbm (€ (B - M. k)| (46)
k

where €’ denotes the Euler class in equivariant K-theory rather than in cohomology, and 7, : K7(M(n, k)) —
Kr(*) = C[T] is induced by the collapsing map. Formally applying Theorem 2.19, we get
" (B,
K k A k
. = = _ = = 7.
=20 2 Tamen a2 P

k AeP(n.k) k heP(n.k)

To give an explicit expression of ZX, one just translates (44) into K-theory by the prescription [ X —

[1(1 = e).
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4 Non-perturbative Dyson—-Schwinger equations and ¢g-characters

Let us start off by summarizing the probabilistic setup given by the instanton partition function (45).

Suppose given a quiver gauge theory (y, n, m), consisting of a quiver y, acoloringn € Z ;)rt’ determining
. Vert,

the gauge group, and a coloringm € Z_

partitions (of all sizes) is denoted by (). The w;, occuring in the partition function Zinst = Xpe9(n) M2

determining the matter content. The discrete set of n-colored

are rational functions on the Lie algebra t, whose elements we denote by (a,mt, ). For each generic
choice of equivariant parameters (a, m, ), we think of

pula,m, &) : P(n) - C, A py(a,m,€)

as the mass function of a complex measure on P(n). We assume that the measure’s total mass (i.e.
Zinst(a, m, €)) is finite, thus entering the realm of (complex) probability theory. In this setting, an ob-
servable O is a function (n) — V valued in some complex vector space (C or the space of rational
functions on C). Its expectation is then (we do not normalize)

(©) = (O)amz= ), Hila,m ) O[A] (@7)
1eB(n)

which may also, by treating (a, m, £) as variable, be interpreted as a function t — V (defined almost
everywhere).

Our objective in this section is, in a sense, to investigate the measures u, for example their limit
properties for € — 0. To do this, we make use of the non-perturbative Dyson—Schwinger equations
introduced by Nekrasov in [Nek16]. These are based on a kind of discrete symmetry of the measure
which causes that the expectations of certain observables, called gg-characters, valued in the vector space
of rational functions on C, are free of poles. These gg-characters are determined entirely by the quiver
v and its colorings n, m. They connect to the representation theory of quantum groups associated to the
quiver, as we will outline in Section 4.5. Simple gg-characters will be computed recursively, starting
off with a (or a product of) Y-observable, also rational function-valued. The expectation of this random
rational function initially has poles which we cancel by adding a product of Y-observables and their
inverses. This may in turn introduce new poles to the expectation which are again cancelled by adding
new Y-observables in the same way. This process of recursive pole cancellation produces gg-characters
as Laurent series in the Y-observables.

4.1 Non-perturbative transformation of the measure

The measure on the set 3 (n) of n-colored partitions is given by

kit z, = gE2 T (B, — T, M (n, k[A])), (48)

o

Ha, =

a rational function of a,m, €. The non-perturbative transformations on P (n) consist of changing a
A by adding (or removing) a box. Our nr-colored partition A really consists of many partitions; A =
(/li’a)ieVerty,azl _____ n;- Thus, to add a box to A, we need to specify at which vertex i, € Vert, and for
which index @, = 1,...,n;, we are changing the component partition 1+**. We can then add a box to
Al @+

/ll+,0l+ N ﬂf:’ch - /ll+,a+ U m
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where 0, € ;1% % must be in the outer boundary (c.f. appendix A). This changes the n-colored partition,
and we write
L - L_‘_ = L U (i+, Ay, D+) Where (i+, a4, D+) € (9+)\.

Clearly, adding a box increases the size of A%*% by one: k; [A,] = ki[A] +0i,.
The reason for considering these non-perturbative transformations is that they change the measure
(48) in a predictable way. We will calculate this:

"(Ba, - T3, M, k[, ])
ZL+ _ € ( L+ L—*— n ) — ET (B)»+ _ Tl+m(ﬂ’k[&+]) - B)‘, + T)\ﬂn(ﬂ’ k[&])) (49)
Zu e (By - TM(n k[A])) o -

We write x; = ¢;, q, o,, and define the virtual representations
Si[A] = Ni = (A—1Q)K;i[A],
where K;[A] is the isotropy representation LZK,’.
Lemma 4.1. The virtual representation
By, =T, M(n, k[A,]) — By + THM(n, k[A])
is isomorphic to

—e 78, [M — %St (A, ] + e M

+ Z e+ EeMe SE[A] + Z e % eMe S, [A] - Z e (A_10). (50)
es—iy e —t el —iy
Proof. A computation using (34), (42), K;[A,] — K;[A] = 6;;,e*,and e”*(A_1Q) = A_1Q". O

Here we denote by e* the one-dimensional representation of 7 whose character is e*. In particular,
e® = A2(Q. We want to evaluate the equivariant Euler classes of the summand representations in (50). To
do this, note that for a one-dimensional representation e* and a (virtual) representation R,

el (e*R) = cL(R)

is exactly the equivariant Chern polynomial of the representation, evaluated at x. One sees this by ob-
serving that the weights of e* R are exactly the sums x + w where w is some weight of R. Meanwhile, the
Chern polynomial is the product of terms x + w for weights w of R.

DeFINITION 4.2. The i-th Y-observable is the equivariant Chern polynomial (really a rational function)
of the virtual representation S;[\]:

Vi(x)[A] = cL(Si[A]Y) (51)

We also define the i-th matter polynomial and the S-function:

3 1 _(x+e)(x+e)
S A(ALQ) T x(x+e)

Pi(x) = ch(M]) = | [(x=myp), S(x) :
f=1
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Yi(x) depends on the random n-colored partition A, hence it is a random variable valued in the vector
space of rational functions on C. Then

" (e*S; [M]) = Mi(x0)[Al, (e M) = Pi(x), € (" (A-1Q)) = S(m,)7,

with which we can evaluate the quotient (49):

Ha, Zy,
—= = q;,— = q;,€’ (expression (50))
Ha, %
i, Vs(xp ++m g (=D)dmSA y (x, —m
— ql‘+Pi+(X+) He.s + s( + e) I_Ie.l+ t( ) t( + e) 1—[ S(me)

(~1)dim S [A1Y), () [M D, (xs + &) [M,] b s
He:s—>i+ ys (X+ te+ me) He:i+—>t yl (x+ - me) 1_[ S(m )

= (—1)"+q;, Pi, (x4) Vi G RV (e + ) [, ] S (52)
where the RHS should be interpreted as the limit x — x, and
ki 1= —dim S (A + > dim S [R] = —ni, + 2ki, = 2ki, + > (ng + 2k, = 2Kk;)
el —t eyt
—nt Y (53

ey —t

We see that the transformation of the measure under addition of a box is given by the Y-observables
Yi(x), one for each vertex i € Vert,. We point out that the function Y;, (x4)[A] in the denominator of
(52) has a zero at x, (this is apparent from (55)), but this is cancelled by Y;, (x4 +¢&)[A .| which has a pole
there. This is why the RHS in (52) should rather be interpreted as the limit x — x,.

The );-observables in terms of partitions. Let us examine the Y;-observables more closely. We

defined them in (51) as Chern polynomials (really rational functions as the representations are virtual)
cx(N))

X (A-10°K;i [A]")

Vi(x) = cL(Nf = A1 Q¥ K [A]Y) =

Using the weights of the various representations involved, we rewrite this

n;
Vi =] |6c-aia) [| SC=x+0ia0) (54)

a=1 geAi-@
where we use the S-function S(x) = cT(A_1Q)"' =T (A_10") 7! = % which is the reciprocal

of the Chern polynomial (actually a rational function as A_;Q is virtual) of A_;Q. The second product
in (54) is telescopic, simplifying to

ng

Yi(x)[A] = l_l HD€6+/l(i,a) (X — ¢i.an)

a=1 [oeo_atio (x = ¢i 0.0 — €) ’

(35)

which expresses the );-observable in terms of the inner and outer boundaries of A. As the outer boundary
contains one more box than the inner boundary (cf. appendix A), the degree of the rational function Y; (x)
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is n;. In the form (55), the zeros (resp. poles) of V;(x)[A] are identified with the boxes in the outer (resp.
inner) boundary. Note that when €; = 0 or &, = 0, then Y;(x) = [],(x — a; o) is independent of A,
i.e. deterministic. The Y;-observables are physically interpreted as the characteristic polynomials of the
adjoint Higgs fields ®;.

4.2 Non-perturbative Dyson—-Schwinger equations

In the previous section we gave an expression for the transformation law of the measure u; under the
addition of a box;

L+ = L U (i+, 4, D+) Where (i+, a4, D+) € (9.,.)\‘

We use the notations

X+ = Pi, ap 04 Gi,a0 = Qo+ (51— Dep+(s2— 1)ey  (fora= (s1,52)).

We start by examining the simplest quiver, A, consisting of one vertex and no edges. In this case,

equation (52) becomes

i _ o yko g P(x)
L = i S Y G o]

For the residue at x., this implies

P(x)
_ (_1\K
Mo, }}Zgi Y(x+e)[h] = (=D*uaq 5:3? Yo IA] (56)
(as O € 9_A* and Oy € 0,4, both functions have a pole at x;). From now on, we choose to ignore
the sign (—1)* by redefining q as (—1)“*!q, which is standard practice for gg-characters. From equation

(56), we derive the fundamental non-perturbative Dyson—Schwinger equation of A; quiver gauge theory:

ProrosiTioN 4.3. In the quiver gauge theory (A1, n,m) (n = 1 and m > 0 are arbitrary), the expectation

P(x) >
Y(x)

<y(x +&)+q 57

is a polynomial of degree max(n, m — n).

Proof. Equation (55) makes it clear that the poles of Y (x + £)[A] are exactly at ¢, for (@, 0) € d_4,
i.e. they correspond to the inner boundary boxes. Similarly, the poles of P (x)/Y(x)[A] are the ¢ for
(e, O) in the outer boundary 0, A.

Furthermore, from (55) one sees that the set of equivariant parameters (a, £) € t for which Y (x+¢)[A]
or m have only single poles is generic. Thus, we may restrict to this case.

For abox (a,0) € {1,...,n} X Zio, we define the sets

0-'(a,0) ={heB(n) | (@,0) €82},  8;'(a,0) = {h € B(n) | (o, 0) € 4,}}.
Noting that we add boxes to Young diagrams by turning outer boundaries into inner boundaries we have

a bijection
37 (a,0) & 8~ (a,0), A AU (a,0).

Using the definition of the expectation in (47), we write the expectation (57) as an infinite sum which
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we assume to converge uniformly on compact sets:

P(x) >
Y(x)

P(x)
= Y (x +e)[A] + MO (58)
3»6%;11) AE%(:n) y(x) [l]

<)7(x+8) +q

If p € C is a pole of (58), then it must be a pole of one of the summands, i.e. there is a A € (n) such
that p = ¢4 for some (@, 0) € d;4h or d_A. The partitions in the sum (58) which contribute a pole at p
are exactly A € 9~!(a,0) for Y(x +&)[A] and A € 07! (e, D) for m Thus, the part of the sum (58)
that contributes poles at p is

P(x)
D mYarel+ D mas— 59)
1eo T 0) N AR IEIEY

Using the bijection d; ' (@, 0) = 0~ (a, 0), we rewrite this

> (uw,my(x +2)[hU (a.0)] + 10 (60)

red; ! (a,n)

P(x) )
Y(x)[A]

But, by (56), we know that at p,

P(x)
Res (mu(a,myu + )V (@,0)] + g m) -0,
so that the sum (59) has residue zero at p, meaning that (58) has no pole there. To exchange Res and the
infinite sum in (60), we use uniform convergence of the series on some circle around p.
Now that we know there are no poles in expectation, what’s left to check is that the expectation is
a polynomial. Observing that Y (x)[A] is a rational function whose numerator polynomial has degree n
higher than the denominator polynomial, the following lemma closes the proof. ]

LemMmA 4.4. Suppose Py, Qk, k € Z~¢ are polynomials C — C such that deg(Py) — deg(Qx) <n >0
for all k and that, away from the zeros of Q1, Q2, .. ., the series

-
2. 0x

=1

>~

converges uniformly on compact sets. Then, if the limit is an entire function, it is a polynomial of degree
at most n.

Proof. Using polynomial division,

Py (x)
Qk(x)

where Fy is a polynomial of degree at most n and Ry is a rational function whose numerator has strictly

= Fie(x) + Ri(x),

lower degree than the denominator.
Fy is the regular part of the Laurent expansion of Py /Qy around infinity, thus ), Fy is the regular
part of the Laurent expansion of }; Py /Qy around infinity and in particular converges and then so does
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>k Ri. Then }; Fy is a polynomial of degree at most n and limy_,« 233 Rx(x) = 0. Thus,

lim 2k Pr(x)/Qr(x) 1
x—eo 3 Fr(x) ’

meaning that ), Pr/Q grows like a polynomial. By the extended Liouville theorem, an entire function
that grows no faster than |x|" must be a polynomial of degree at most . O

Note that when the quiver gauge theory in Proposition 4.3 has g function 8 < 0, then the expression

(40) of 5 shows that the degree of the expectation is n.

The expression X5 o(x) = V(x + &) + qﬁi; is called the fundamental qq-character of the quiver

gauge theory (Ay, n, m). The non-perturbative Dyson—-Schwinger equation is
(Xs,,0(x)) = a polynomial of degree n,

saying that the gg-character’s expectation is a polynomial. We know little about this polynomial apart
from its degree. From (58) it can be seen that its leading coefficient must be Zj, in the case 8 < 0,
Zinst + GZinst in the case B = 0, and qZi,g in the case 8 > 0.

Our goal is to define a gg-character for any quiver gauge theory (y,n,m), always such that their
expectations are polynomial, i.e. that they satisfy a non-perturbative Dyson—Schwinger equation. The
idea is to start with some monomial of Y;-functions

1—[ ﬁ Vix+e+0i)p)

ieVerty p=1

.....

tion of shift parameters. This initial monomial is called the gg-character’s highest weight monomial in
reference to connections with highest weight representations of simple Lie algebras and quantum groups
which we will discuss in Section 4.5. The expectation of the highest weight monomial has singularities in
the complex variable x. Using the non-perturbative transformation of the measure (52), the singularities
can be removed by adding another Laurent monomial in the Y;-functions, constructed using the proce-
dure of iWeyl reflection we will demonstrate for other examples. The monomial added by iWeyl reflection
may introduce new singularities, which are removed using the same procedure. This process may never
terminate, as we will see for the example of the Ay quiver. The general principle (no proof is known to
us) is that this process’s end result (or its limit for infinitely many steps), which is called the gg-character
Xy, o (x), has non-singular expectation, and in the case where § < 0 the expectation is polynomial of
degree w - n.

In this section the term gg-character will remain without clear definition; referring to a function ex-
pressed in terms of V;-functions whose expectation satisfies a non-perturbative Dyson—Schwinger equa-
tion. In Section 4.4, we will give a geometric definition of gg-characters. By the i-th fundamental gg-
character (i € Vert,), we mean the gg-character with weight 6, = (6;j)jeverr, (€.g. for y = A in
Proposition 4.3.)

A, quiver. We consider the quiver
1 —2
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with vertices 1,2, and edge e. In this case there are two Y-observables, Y1 (x) and Y, (x), as well as two
matter polynomials P (x), P>(x) and an edge mass .. The edge complicates the gg-character. Suppose
that, to an n-colored partition A = (A!, 2%), we add a box (1, @y, 0,): A, =AU (1,a4,04). Then, by
(52), the measure transforms

Ha,
Hi.

K T Pi(x) ~
=0 q‘le“L(ymx)myl(xw)m]y“x me))’ 1)

where x; = @1 q,.n,. The proof of Proposition 4.3 is easily adapted to show that

Pi(x)
Yi(x)

<371(x+8) +01 Vo (x —me)> (62)
has no poles at x = ¢ oo for any box (1, @, O), at least when Y, (x —m,.) has no poles there, which is the
case for generic a, m,, . However, Y, (x —m,) introduces new singularities so that the above expression
is not yet polynomial but needs further desingularization. Using the version of (61) for the second vertex,
ie.

Ha P
=+ — (_1)K2q2 hm Z(X)

M, XXy (yz(X) [MP2(x +&)[R,]

where A, = AU (2, @4, 04) and x4 = @2, q, o, and applying the arguments from the proof of Proposition

Vix+e+ me))

4.3, one sees that

1 B Py(x —m, —¢)
<y1(x> Y= me) 3 Y G m, —e)

has no poles contributed by Y, (x — m,). Thus, combining (62) and (63),

Pi(x)
Vi (x)

% (x)> (63)

<y1(x+s)+q1 Pl(x)Pz(X—me—g)>

Wa(x —m, —¢) o

YVr(x —m) + qi1a2
has no poles at all. So this is the desingularization of (Y (x + &)) for the A; quiver. In fact, by Lemma
4.4, it is a polynomial of degree max(ny, m; — ny + ny, m| + my — ny). The same procedure, but starting
with the other vertex’s observable (V> (x + €)), yields that

P> (x)

W2 (x)

Vi(x+e+m,) +aqq; (65)

<y2(x+s)+q2 Pz(x)Pl(x+me)>

YVi(x+m,)

is a polynomial of degree max(ny, my — ny + ny, my + my — ny). The expressions inside the expectation
brackets in (64) and (65) are the fundamental gg-characters (one for each vertex) of the A, quiver.

. Vert Vert
ProrosiTION 4.5. In the quiver gauge theory (1 — 2,n,m), where n € Z;gy and m € Z;)r’ are

arbitrary colorings, the expectation (64) (resp. (65)) is polynomial of degree max(ny,my —ny +ny, my +
my — ny) (resp. polynomial of degree max(ny, my — ny + ny,my +mp — ny)).

Using (40) it is seen that when the 8 function is bounded 81, 5> < 0, the degree is n; (resp. ny).

iWeyl reflection and a proposed algorithm for computing ¢gg-characters. The gg-characters we have
looked at so far have been generated by the pole cancelling operation

q; P (x)
Ai(x)’

iWeyl: Vi(x+¢e) > YVi(x+¢) (66)
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where
-1

A0 =D +aV| [] Youwo@-me) [] Ine+e+me) [ ] sme)

e:in(e)=i e:out(e)=i e:in(e)=out(e)=i

The operation (66) is called iWeyl (‘‘instanton’” Weyl) reflection, named so for analogies with the Weyl
reflections of root systems of simple Lie algebras we will explore in Section 4.5. The iWeyl reflection
satisfies that

(Vi(x +&) +iWeyl(Vi(x +€)))

ne:in(e):i yout(e) (x - me) He:out(e)=i yin(e) (x te+ me)

=(Vi(x +&) +q;Pi(x) YVi(x)

[ [seme)

e:in(e)=out(e)=i

has all poles contributed by V; (x + &) cancelled by those contributed by ﬁ However, the Y-functions
coming from edges of the quiver still contribute poles so the desingularization process is not yet complete.

So far, all of our gg-characters had Y (x + €) as their starting monomial (or V) (x + &) or Y (x + €)),
they were of degree one. In general, one may start with arbitrary monomials

[T [[y&+e+aip, (67)
ieVert, p=1

where w € Z is the weight and o; , € C are shift constants. The expectation of (67) has poles, each
pole coming from one of the Y-functions in the product. By fixing a pair (1, P), I € Vert,, P =1,...,wy,
we single out one factor, Yy (x + & + o p), in the starting monomial, i.e.

Wi
1_[ l_[yi(x+8+m-,p)=)71(x+8+crz,P) ]_[ Vilx+e+0ip)
ieVert, p=1 (i,p)#(1,P)

The marked factor YV;(x + & + o7 _p) contributes poles to the expectation of (67). In particular, the pole

X+ =100 —0r,p Of

pmVic+e+arp)b] [ itcre+ai )i,

(i,p)#(1,P)
where A, = A U (i, @, 0), is cancelled by adding
Yi(x+e+orp)[A]
IULCIIPI(X"'O'I,P)A TE— YVilx+e+0i,)[h,] (68)
! LEILZ (i p)#(1.P)

Now, the A, in the (68) is undesirable because we want to sum over the partitions to get the expectation.
We use

Vi) [h,] = S(=x + ¢1.0.0) % Vi (x) [A],
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which can be seen from (54). We also use S(y — €) = S(—y). Then, substituting x = x,, (68) becomes

Vi(xy+e+07p)[A] 1—[

AI(.X+ +&+ O—I,P)[L] (i,p)#(I,P)

mparPr(xy + o p) (S(O'i,p —01.p) oM Yi(xs + &+ O'i,p)[M) .

Thus, adding

Vi(x+e+o0orp)
A[(x+8+0']’p)

(Sip-orp ™ Wx+e+ai,)) (69
(i,p)#(I,P)

arPi(x +oy,p)

to the highest weight monomial (67) removes all poles contributed by Y;(x + & + o7, p) to the expectation
of (67). Of course, (67) also contains other Y-functions (with other shifts o ;) contributing poles to its
expectation. These must be desingularized the same way. Furthermore, the term added in the desingu-
larization, (69), contributes poles through the new Y-functions introduced (in A and in [] ») Which also
need to be cancelled: If we want to cancel the poles contributed by Y;(x) in

M7, Yixt )
YVi(x) 1—[ e Wi

LT, (70)
J€Vert, ij=1 yj(xj’k)

where x7°, = x + {7, for some function ¥, : t — C (for example something like ', = & —m, +07), we
add

q;Pi(x)

@S ) Yy() 1 L Y650 1)

b; _ . b; N
Hk=1 S(xi’k - Xx) Ai(x) jeVert, Hk]=1 yj(xj’k)
Compared with (66), here the iWeyl reflection of )); is modified by the presence of the other Y-functions
in (70): Namely, we must also multiply by the S-functions.

At every step of this iterative process starting with the highest weight monomial (67), we obtain
Laurent monomials in the shifted );-functions (treating the P;(x) and S-functions as coefficients). All
Y;-functions in the numerator of a monomial must be desingularized by adding (71). This almost defines
an algorithm for computing a gg-character starting from the highest weight monomial. What’s missing
are rules for how to treat multiplicities: The same Laurent monomial may be generated multiple times
and it is not directly clear what its multiplicity should be in the gg-character. We will see this for the
weight two gg-character of the A; quiver in Example 4.6. This algorithm can probably be completed by
adapting the Frenkel-Mukhin (FM) algorithm [FMO1], introduced for computing g-characters (which we
will introduce in Section 4.5) from their highest weight monomials. The FM algorithm for g-characters
is known to fail in certain cases, however to our knowledge the only example of failure is for a non-
simply-laced simple Lie algebra: This does not correspond to any quiver and thus the algorithm remains
a good candidate for gg-characters. In [FIM22], a notion of gg-character was defined entirely by way of
FM algorithm, however this is in a purely representation theoretic context and it isn’t proved that these
gg-characters have polynomial expectation in quiver gauge theory.

ExampLE 4.6. We demonstrate the desingularization process for a higher weight gg-character of quiver
gauge theory (Ay,n,0) (as m = 0, the matter polynomial P is equal to 1). We start off with the highest
weight monomial

Yx+o1+&e)Yx+o0m+¢e).
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Yx+o+e)Y(x+0r+¢)

— T

V(x+0r+&) V(x+oi+&)

qS((Tz—oq)W qS(o1 — 02) V(x+ros)

\ /

2 1
T Yoronyxron)

Figure 1: Hasse diagram of the gg-character X, (-, ,)(x) of quiver gauge theory (Ay,n,m)

We cancel the poles by adding

Y(x+o+e)
Alx+o1 +¢&)

Y(x+omr+e)

Yx+or+e)=qS(0y —01) Yoro)

qS(on —071) (72)

and

YX+02+8) 3 1o te) = aS(oq — o) 2O TLHE) (73)

9S(1 =) A(x+o0p +¢&) Y(x+07)

Now, the numerator Y-functions of (72) and (73) contribute poles of their own to the expectation. These
need to be cancelled too. We add

, S(op—o1) 1
S(or—om—&) Y(x+o)Y(x+02)

(equivalently with S(o — 02)/S(0» — 01 — €)) and remark that the S-functions cancel by the property
S(y — &) = S(—y). Then, the full gg-character of (A1, n,0), with shifts (o, 03),

Y(x+op+e)
Y(x+oy)
Y(x+o+e) ’ 1

YV(x+02) q Vix+o)Yx+0,)’

X (01,00 (X) =V(x+01+8)V(x+ 02+ &) +qS(02 — 01)

+qS(o1 —02)

(714)

has as its expectation a polynomial of degree two. This process of recursive desingularization is summa-
rized in a Hasse diagram (fig. 1). The reason that the sum of all terms in the diagram has non-singular
expectation is that for every term

* for each Y-function in its numerator, there is another term desingularizing it, connected by an arrow
pointing away from the term,

* for each Y-function in its denominator, there is another term desingularizing it, connected by an
arrow pointing toward the term.

More concretely, observe that the terms of type % have both an incoming and an outgoing arrow, while
the term of type Y'Y has two outgoing arrows and the term of type ﬁ has two incoming arrows.

Recall that S(x) = % Thus, (74) appears to have singularities at oy = 0». These only arise

due to the rational function (74) not being completely reduced. Indeed, the limit

X2,0,0)(x) = ( X2, (ory,02) (X)

lim
o1,02)—(0,0)
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is finite. It involves derivatives of the YV-functions. Nekrasov [Nek16, equation 150] gives it as

V(x+8)? (1 _qSlazi( 1 ))+2 Y(x+e) (1_ 3182) , 1

e d \ Y)Y +e) @) 2 )Ty

Note that in the limit &, = 0, this no longer involves derivatives. This is a general principle for ggq-
characters, as we will prove in Lemma 4.13.

For general quivers the iterative desingularization may never terminate, as we now demonstrate for

«

ExaMPpLE 4.7. As there is only one vertex, there is also just one Y-observable. But the edge contributes

the Ay quiver:

an edge mass m and edge YV-observables in the desingularization:

P(x)
V@) [MY(x +&)[h]

ﬁﬁ:enwamlm(
M, X X4

Yx+m+e)Y(x - m))

where A, = AU (a4, 04) and x; = ¢4, o,. We start with (Y (x +¢)). The first desingularization produces

P
<)7(x +&)+ qS(m)ﬂy(x +m+e)Y(x - m)>
Y(x)
The edge contributes two Y-functions in the numerator of the g-term. These need to be desingularized
as well. The second desingularization is

Yx+m+e)Y(x—m) 5 aS(m) (y(x -m) Y(x+2m+e)Y(x) N Yx+m+e) Yx)YV(x —2m — 8))
Y(x) Y(x) Y(x+m) Y(x) YEx-m-eg)
3 Yx-mYkx+2m+e) Yx+m+e)Y(x-2m-—g)
‘““m% Y +m) * Y -m—e) )

(as well as some additional factors of S-functions as in (71).) We see that both new terms contain two
Y-functions in the numerator, which will need to be desingularized again. This carries on forever: Every
time a Y-function in the numerator is desingularized by the prescription

Yx+m+e)Y(x—m)
Y(x) ’

in its stead two new Y-functions are introduced in the numerator, while only one additional Y-function

Y(x+e) >

from the numerator is cancelled by the Y introduced in the denominator. Thus, there will always be two
Y-functions in the numerator, and the process never terminates for the Ay quiver (but one may generate
a series by continuing). We will compute this quiver’s fundamental gg-character using the definition as
an integral over the quiver variety in Section 4.4.

A note on different conventions. When engaging with the literature on gg-characters, one should be
aware that not everyone uses the same conventions as Nekrasov [Nek16] and we do. In particular, Kimura
[Kim21] uses another convention in his book and articles. The origin of this lies in a different definition
of the actions (19), (20) and the bundle B (cf. (42)) over the instanton moduli space. To get from one
convention to the other, one need only reverse all edges and substitute the edge masses m, — —mi,.
Kimura’s convention appears to play nicer with the g-characters of Section 4.5.
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Non-perturbative Dyson-Schwinger equations and gg-characters in K-theory. The K-theory par-

tition function ZX _ (cf. (46)) defines another complex measure on P (n). In K-theory, the Chern polyno-

inst
mial is replaced by
kE

T(E) = A_E" = Z(—z_l) AR E? (75)

(an element of the complexified K-theory) which reduces to the K-theory Euler class €’ (E) in the limit
z = 1. Identifying cg(E) with its image under Ch”, it is expressed in terms of the formal equivariant

Chern roots as
rkE

T(E) = H(l — e,

Using this, we define the K-theory versions of the functions S, P;, V;:

_ 1 (=gl h-g'zh NN & (TR
SO =7 = a-ena_gien ¢ @ = =] a-emreh

s1—1 21—1)

1) = l_[ [Toeo, a0 (1 —€%oq|'™ g,
nmec')_/l(i’f”(l - eal"’Q1 QZ Z_l)

Vi(2)[M] = ¢ (Si[h

where g2 = e®2, g = q1q2 = e®. The non-perturbative transformation of the measure under A —
AU (iy, @y, 04), where 7, = ¥+ = e®iv.0v0+ is then

/’“‘+ . i H : —>'+y (qemez )H iy — y (e_mez )
= = (=1)Se 2 fi,a, Pr, (2) =SS [ ] S(eM). (76)
A Vi GO M Vi (qze) (&, N
where k;, = —n;, + Y., e and fi, = eZai tira=Zeisr Zoki 4o Note that the factor 24 fi, was not

present in the non-perturbative transformation of the cohomology measure (52); it stems from the fact
that the K-theory Euler class of a representation’s dual is €7 (V*) = [T eWeights(v) (—e")e’ (V) whereas
in cohomology it is €7 (V*) = (=1)4™VeT (V). Equation (76) gives rise to non-perturbative Dyson—
Schwinger equations and K-theory gg-characters. For example, the first fundamental gg-character for
the (A,, n, m) quiver gauge theory is

Pi(z)P2(q e Mez)
Vr(g=leMez)

Pi(2)
Yi(2)

Wr(e™™ez) + qiapz " fifo

Xg ’O(Z) Vi (CIZ) + qlznz nlfl

Like its cohomology analogue (64), its expectation (under the K-theory measure) is non-singular. Unlike
for cohomology, it is not polynomial in z but rather polynomial in z~! (a Laurent polynomial with no
positive degree powers) of degree n;.

In general, one obtains the K-theory gg-character from the cohomology gg-character by replac-
ing q; — ;2" f; and exponentiating the arguments of the various functions (i.e. P;(x + m, — &) —
Pi(g 'e™z) etc.)

4.3 The Dyson-Schwinger equation in the 77 — 0 limit

Our goal now is to study the limit of non-perturbative Dyson—Schwinger equations for €1, £, — 0. In this
limit, the Dyson—Schwinger equation defines a spectral curve similar to those of random matrix theory
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e.g. 3]) encoding the asymptotic expansions in N“, where N is the size of the matrix, of the free
(e.g. [BEO13]) ding the asymptotic expansi in N2, where N is the si f th ix, of the fi

energy — log Z and the correlation functions. Similarly, Nekrasov [Nek03] computed the prepotential of
an N = 2 gauge theory, defined in terms of the geometry of the Seiberg—Witten curve [SW94], as the

limit limg, ,—0 €182 10g Zingt.

We work with the (A, n,m) quiver gauge theory with 8 function 8 < 0 (here 8 = m — 2n). For
the sake of simplicity, we restrict the parameters €1, &, of the measure to —&; = £, = /. Regarding the

other parameters a, m as fixed, the measure P, on the set of partitions ¥ (n) depends only on 7. The limit

€1, &y — 0 is then investigated by letting 77 — 0. In Proposition 4.3, we gave the theory’s fundamental

Dyson—Schwinger equation

<y(x)+q%> _ (%),
h

where T is an fi-dependent deterministic polynomial of degree n.

Both the measure P and the rational functions Y (x)[A] depend on #, and

lim (¥(x)); # lim ( lim Y(x)),.

While Py certainly doesn’t converge on the space of partitions, it converges on a larger space that we

embed the partitions in, e.g. the space of profiles of partitions as in [NOOG6].
Let us assume that Y (x), T'(x) have limits

Y(x) = lim (Y (x))s, T(x) = lim (7'(x)-

Then the Dyson—Schwinger equation has a small 7 limit:

V) - Fa) +q2& _ g

Y(x)

or equivalently,

Y(x)? -T(x)Y(x) +qP(x) = 0.

4.3.1 Random partitions as random matrices

We start by giving a different expression for the V;-observables.

LeEMMA 4.8. When —g; =&, =1,

ni Li(t .
. 3 4 i X— Qg — (KT +1)
Y@k =] |- aio+nl' | | —=——gm— 1.
a=1 s=1 K

where L'® = length(y'?) and h'® = 1'% — s.

Proof. We start with ; (x)[A] as in (54) (writing cg = (s1 — )& + (52 — 1)&2 = dien — Qia):

n;

yl(X)[L]:l_[ (x_aia/) 1_[ X—Qjg—Co—&1X—Q0jqg—Co— &2

X— Qg —Co— & X —Qjq — Cno

a=1 Oeli@
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i L —Qja —C(s5,0) — € X — Qja — C(s5,2,+1)
i S, 1407 S, Ag+
= - 0a) 1_[ _ : (79
o=1 _C(S,/lg”)_g x—aia—C(s’l)
n; Ll(l
: al(l_ S| x_ai(t_(s_l)gl — A58
=] ]| -aw) 1_[ (80)
oc — o — (s — 1&g X—0jo—(s—1&
i . Lia
Z X — Qg — L% X—Qiqg—(s—1)e; —A5e
=| [|o-qa—— [ | e | 81)
a=1 la s=1 ia 1

where, to get from (78) to (79) and from (80) to (81), we performed telescopic products. As ey = —g1 = #,

ng

X = Qg + AL S X~ ai0 — R(RE + 1)
i (x)[A] = - Qig -
Vi = |- aia) = [ p—

a=1

n;

i — H(hi% + 1)

(X = Qjo +HL')
ot | ”’ l_l x—a,a—hh’“ o

Using this, we now build a bridge to random matrix theory. Our random object is a random n-colored
partition A. We convert this into multiple random matrices M;, one for each vertex i, with diagonal entries

Ao + hhi" where @ = 1,...,n; and s = 1,..., L'®. This matrix’s resolvent (or rather its rescaled trace
hitr x—lM,-) is
n; Lla
Wi(x) =1 Z Z nhia’
a=1s=1"% ~ Qg —

The reason for rescahng by 7 is that a typical size of random partition under P, is k ~ - and the typical
length is LY ~ +. We seek to transform the Dyson—Schwinger equation for Y;(x) 1nto an equation for
Wi ()C ) )

LemmA 4.9. In terms of the resolvent of the random matrix M;, the YV;-observables are

Vi) = i esp |3 Ly |

4 (m+1)!

where Q(x) =[], (x — aq + iL?) is a random, fi-dependent polynomial of degree n.

Proof. From Lemma 4.8, we know

— - _ ia i _h(hia+l)
ymm-ﬂ (x = Qiq +hL )l_l P

n; Ll()’

i h

_ i

= exp Z log(x — ;o + ALI®) + Z’i > log ( asrwrd | § (82)
a=1 §=
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Using the series expansion log(1 —A) = -, %Am, and the derivatives

er (x) (=D"r!
=" Z Z (x — Qg — hhé")’“

a=1 s=1

of the resolvent,

n 1 n r
ZlOg(l_x—aia—hhiQ):_ZZ;(x—am—hhg")

r>1 a,s

r+l
:_ZZHI (x—am—hh”’)

r>0 a,s

_ Z ( 1)r+1hr W(")( ) (83)

r=0

The lemma is then just a combination of (82) and (83). O

4.3.2 The7 — 0 limit

The i — 0 limit of the Nekrasov partition function was first studied by Nekrasov and Okounkov in
[NOO6]. They identified partitions with their profiles, certain functions R — R, and argued that the
distribution of the 7h'* converges in an appropriate sense as # — 0. The Dyson-Schwinger equation
may serve as an alternative starting point for such analyses.

In (77), we gave the small 7 limit of the Dyson—Schwinger equation as an equation for
Y(x) = lim (P = lim (Q(x) exp(W(x) =AW (x)/2 % ...)) .
For some 7i-dependent observables Ay, By, we assume that
lim (AnBn)y = lim (An)n lim (Bu)n

(and analogously for higher products) which is justified by the concentration of the measure at the saddle
point in i — 0 limit. Such properties are common in random matrix theory [BGG17; AGZ10]. Using
this self-averaging property,

Y(x) = 0(x) exp (%igg) (W () = lim (W () /20 .. )
= Q(x)e"™

where

0(x) = lim (Q(x)y.  W(x) = lim (W),

Note that Q (x) is a polynomial of degree n. Expressed in terms of the resolvent W (x), the 7 — 0 limit
(77) of the Dyson—Schwinger equation becomes

002 _T(x)0(x)e" ™ +qP(x) =0
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The spectral curve. Substituting Y(x) — y in (77) yields an algebraic equation
F(x,y) =y =T(x)y+aP(x) =0

defining an algebraic curve, called the spectral curve. For generic coefficients of the polynomials T (x)
(degree n) and P(x) (degree m), the curve’s genus may be computed using the Newton polygon of the
polynomial F(x,y) using the standard method outlined in [Kho92]. Clearly, in this case the Newton
polygon contains n — 1 interior points, thus that is the spectral curve’s genus.

Because the spectral curve contains as part of its geometric structure the exponential of the # — 0

resolvent, W) = 2
X

, we expect that like in random matrix theory it encodes much information about
the distributions of the random partitions in the limit 2 — 0, via the eigenvalues a, +7hg of the random

matrix M.

Another example. The fundamental gg-characters of other quiver gauge theories also define spectral
curves. An n-colored partition consists of an n;-colored partition for each vertex 7, each identified with
a random diagonal matrix. Thus, a quiver gauge theory defines a system of multiple random matrices,
one for each vertex. Each of these has its own resolvent function W;(x) and its own fundamental Dyson—
Schwinger equation.

For example, for (A, n,m) with 8 function 81,8, < 0, we have the Dyson—Schwinger equations
(setting £ = m, =0)

<y1 @+ 8 Vo) + qlqz%> - Ty,
<y2(x) + a2 ;283 Vi(x) + QIQZ%(P;Z)(X)> =T (x)

(degT; = n;, deg P; = m;) whose i — 0 limits are (setting y; = jl (x), y2 = )_72(x))

Yiv2 + @1 P1(x)y3 + a12P1 (x) P2(x)y1 = T1(x)y1y2 = 0,
Yay1 + @P2(x)yT + 0241 P2 (x) Py (x)y2 — T2 (x)y2y1 =0,
. : . : VT/](X) _ Di(x) Wz(x) _ N(x) :
the solutions (x, yi, y2) again defining a spectral curve, with e = =" and e = =~ being

’ 01 (x) 0> (x)
part of the geometric structure.

4.4 The geometric definition of gg-characters

Nekrasov [Nek16, Sec. 8.3, 8.4] gave a formula for the gg-characters of an arbitrary quiver gauge theory
(y,n, m), as generating functions of equivariant integrals over the quiver varieties Q(w, v).

. . . . Vert .
Given any quiver y and two dimension vectors w, v € Z>0 7, we define the vector spaces W; = C"i,
V; = C" and

Xy = @ Hom(vin(e)’ Vout(e)) @ Hom(vout(e)’ Vin(e)) @ @ Hom(Vi, Wi) ® HOH](W,-, Vi),

ecEdges,, i€ Vert,
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and denote elements by (Be,+a Be,—, Ii, Ji)eeEdgesy,ieVerty This space has an action by U(K) = ><iEVert7 U(Vi),
(g)ievert, © (Bews B~ 11, Ji) 7 (8out(e) Be,+8in(e)» Ginte) Be,~ame) &ilis Jigi 1)

Introducing a certain hyperkdhler moment map u = % u” + u€ on X, the quiver variety is defined as the
hyperkahler quotient

QW) =Qy s (w,y) ={xe X, [ p' (x) =4, u(x) =0}/U(v),

where the choice of { € RZ;H“/ is unimportant. Quiver varieties were introduced by Nakajima [Nak94a],
a comprehensive introduction is [Kir16].
We define Gy = Xjever, GL(wi, C). It acts on the quiver variety through (1:gi, gl.‘lJ,-). Its com-

plexified maximal torus is 7}, equivariant parameters are called o= € P C": (identified with the

i€ Vert,
shift parameters o; ). We also define actions

CX ~ X’yv u- (Be,+’ Be‘,—’ Il'a‘]l') = (uBe,-Fa Be,—, Il" uJi)
(CX)Edgesy v X‘y, (ue)eeEdgesy : (Be,+7 Be,—’ Ii9 Jl) = (MEBE,+9 Me_lBe,—y Ii’ Jl)
(CX)Verty ~ Xy, (Mi)iEVerty : (Be,+’ B, -, I;, Ji) = (”out(e)Be,+”i_n}e), “in(e)Be,—M;ult(e)a 1;,J;)

Through this action, (C*) Ve can be regarded as a subgroup of (C*)E9€%y and the quotient is isomorphic
to the torus (C*)Fdeesy /(CX)Verty = (CX)21(¥) | So overall, we have an action of Gy % (C*)P=) on

Q(w,v) (where b.(y) = bo(y) + bi(y) and, as we only consider connected quivers, bo(y) = 1).
Recall the group acting on the moduli space M (n, k) of the quiver gauge theory (y,n, m):

X U@ x || X Um) x U1 /U(1)Vertw x U(1)?

i€Verty ieVerty,

Its complexified maximal torus is 7. We define a homomorphism
T (CX)b*(')’)’ (e8, e™, 679) — (e—s, [(em“+8)eeEdgesy]) .

We then pull back the action of (C*)?+(¥) on Q(w,v) to T, thus turning Q(w, v) into a T,, X T-manifold.
In (90) we will compare this action for the Ay case, where the quiver variety is the moduli space M (n, k)
with the action defined in Section 3.

Over the quiver variety Q(w, v) are the trivial bundles W; and the bundles V;, i € Vert,, defined as the
bundles associated to the fundamental representations G, — V;. They are G,, X (C*)b-(Y) _equivariant.
(Our quivers are all connected, so that bo(y) = 1 and b (y) = #Edges, —#Vert, + 1.) We then define the
virtual equivariant bundle

Ci=W;eVieqg'Vie (P g 'e™V,0 ) e™V,. (84)

e:s—i eii—t

1 M,

where ¢~ and e denote the representations with respective characters.

We remind of the bundles Q, N;, K; (introduced in remark 3.14) over the instanton moduli space
I (n, k). Furthermore, we define the virtual bundle S; := N; — A_1 QK.
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Over the product M (n, k) x Q(w, v) of the instanton moduli space and the quiver variety, we define
the virtual bundle
G= P @S;CioM;Vy) (85)
i€Vert,
(where the factors should be understood to mean their pullbacks by the projections mgy, 7g : MM (n, k) X
Qw,v) = M(n, k), Q(w, v).) For each fixed point A € M (n, k), we consider the inclusion

ucQ(w,v) = M(n, k) X QA(w,v), x> (A,x).
Then the pullback ¢; G is a bundle over the quiver variety Q(w, v).

DEerFintTION 4.10. For a quiver gauge theory (y,n,m), its cohomology qq-character of highest weight

Vert
weZ_,”

>0 with shifts o = (O-i,p)iGVerty,p:l

w;» IS the series

.....

Ty XT

EAOINESIE /D ( )ci?"(w(m,g))cx (4;6), (86)

where k is a random n-colored partition and the integrals are T,, X T-equivariant. The corresponding
K-theory qq-character is

o\ —dimc Q(w.v)
XK (D[] =) (ﬂ) / Td"XT(TQ) ChBexT (A_ 1 TR) ¢ (4G), (87)
- -\ Q(w.v) : -

\4
where T is identified with the exponentiated equivariant parameters of T, and the integrals are T,, X T-
equivariant.

There are some subtleties about this definition:

* As the quiver variety is in general non-compact, the integrals are to be understood as defined by
equivariant localization: The compactness of the fixed point submanifold of Q(w, v) is a special
case of Nekrasov’s compactness theorem for crossed quiver instantons [Nek17, Sec. 10.1.5].

T, xT . . . - .
. CS;X is the equivariant Chern polynomial evaluated at x = &;. In the limit &, = 0, it becomes the
equivariant Euler class.
T,o xT . R . . .
°*c X*X (13 G) is the equivariant Chern polynomial of the virtual bundle. For virtual bundles £ © F,

Chern polynomials are defined as fi gf:; . This poses the question of how to understand the reciprocal

1/cx(F) and how to integrate it. As c,(F) is an equivariant characteristic class (a symmetric
polynomial of equivariant formal Chern roots), over a fixed point set F' it can be inverted in the
localization of Hj.(F) with respect to its differential-form-degree zero polynomial (cf. [GS13,
Sec. 10.8]). The integral, which is S(t)-linear, is uniquely extended to a S(t)-linear map on this
localization.

* Recall /\_qz—lE = Z?;g(—qgl)i A'E. When g, = 1, this has Ch™*T A_|E = [];(1 — ¢7") in
terms of the formal Chern roots. Thus in this limit, Td?™*T(TQ) ChT»*T (A TQ) = [1;r; =
eTw*T(TQ) is the equivariant Euler class.
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. .. T XT . . .
* The virtual characteristic class ¢, (¢;G) can be expressed as a symmetric rational function of
the involved bundles’ roots: -

Pi(x+¢)
[ [[ txrero [] Vilx+ @) Vi(x + e+ )

ieVerty \ veRoots(W;) ¢eRoots(V;)
[T [] Ye+mere+o) [] [T y-me+o)] @9
e:in(e)=i ¢p€Roots(Voyi(e)) e:out(e)=i ¢p€Roots(Viy(e))

To see this, use Y; (x) = cL(S 7)and P;(x) = ek (M?). The analogous formula holds for CZKXT(L;G)
in K-theory. N

Some facts about gg-characters. Using the localization technique of [MNS00], the equivariant inte-
grals defining the gg-characters can be transformed into a multi-dimensional contour integral. While
the original contour integral given by Nekrasov [Nek16, p. 8.3.2] is incorrect, a corrected version can
be found in [Kim21, equation 5.5.5] (this is for K-theory but carries over to cohomology). This implies
that the gg-character is in fact a Laurent series in shifted );-functions and their derivatives. The contour
integral is also a convenient way of checking that the gg-characters we computed in Section 4.2 are, in
fact, the same as what we would get using definition 4.10. Furthermore, it is easy to see from the contour
integral that gg-characters are independent of the coloring n (as Laurent series in the Y;-functions, not
as functions on the Lie algebra).

The ¢°-term in the gg-characters (86), (87) is called the highest weight monomial. We give an explicit
expressi(;n: It is the integral over the quiver variety Q(w,0) which consists of just one point. As the
bundles V; are all zero, the bundle ¢; G is then simply the representation ¢S;[A]*W; and

/Q e rR0m ) TG0 = s ) W,

Using Y;(x) = czﬁXT(Si [A]),

Wi
T XT .
o @Sl wy = || [[Ditc+e+oip).
ieVerty p=1
Thus, the gg-character always has the form
Wi
Xpo) = [ [[Vix+e+ai,)+0(a).
ieVerty, p=1
The same calculation for the K-theory gg-character yields
wi
xk @@= [] [ [¥amip2 +0(a).

ieVerty p=1

The quiver variety has dimension dim¢ Q(w, v) = 2v-w —2(v, v), where the Euler form of the quiver
is(v,w) =3; eVert, ViWi = ZeeEdgesy Vin(e)Wout(e) (this is asymmetric). The quiver variety is empty when
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this dimension is negative. For quivers of type ADE, the quiver variety is empty when v > w (entry-
wise). This implies that gg-characters of ADE quiver gauge theories have no terms with coefficient q¥
for v > w, meaning they have only finitely many terms. -

The Euler form’s symmetrization is given by the quiver’s Cartan matrix (cf. [Kirl6, eq. 1.25]). Thus,
for affine Dynkin quivers (i.e. type ADE), there is a non-zero Ve Z\Z/%rt’/ such that (v, v) = 0. This means
that for ADE' quiver gauge theories, the gg-characters have infinitely many terms.

Nekrasov’s theorem. As the measure y), is defined by instanton counting, the expectation of the gg-
character may be given as a double integral:

Ruo@) =)0 > Zif) e /D e R e G6)

k LeP(n.k)

Ty XT

= Y gl / & B) T (TR ) T (G) (89)
M (n,k)xQ(w,v)

kv

We state Nekrasov’s main theorem. His statement of this in [Nek16, Sec. 6.1] is without the assump-
tion 8 < 0. However, as we saw in preceding examples, in cases where some 3; > 0, the polynomial
degree of the gg-characters’ expectations does not satisfy his claim. We expect that an extension of the
theorem to general S is possible; the expectations of ADE theory gg-characters should still be polyno-
mial, albeit of different degree, and those of ADE theories would at least be non-singular.

ConNJECTURE 4.11. Let (y,n,m) be a quiver gauge theory with beta function 8 < 0 (in particular, vy is
of type ADE or ADE, cf. below (40)). Then the expectations of all cohomology qq-characters Xy, o ()
of the quiver gauge theory are polynomials of degree w - n.

We state this as a conjecture because we are unsure if Nekrasov’s proof holds in the ADE case and
not only for ADE quivers. His proof [Nek18] is based on regarding the expectation (X, o (x)) as the
partition function of an orbifolded crossed gauge origami model (the abelian X ALE case), defined as a
generating function of equivariant integrals over the product of the moduli space of spiked instantons (in
the crossed case) and the quiver variety, much like (89). The compactness theorem [Nek17] then implies
that the partition function has no singularities in certain equivariant parameters identified with x.

It appears that the proof depends on y being affine Dynkin. In the ADE case, it may be feasible to
prove that the gg-characters are generated by an adapted FM algorithm, and, using incremental desingu-
larization, that this algorithm always produces polynomial expectation.

Nekrasov’s proof should carry over to K-theory gg-characters. In this case, the expectations would

1

be polynomials of degree w - n in z™ rather than in x.

Example computation. We compute the fundamental gg-character of (Ao, n,0) quiver gauge theory
using the geometric formula (86). The quiver variety Q(w, v) of the Ay quiver is the same as the resolved
instanton moduli space 9t (w, v). As outlined in the beginning of the section, the torus T, X T = (C*)" x
(C*)" x C* x (C*)? acts on the quiver variety or moduli space by

e TOME) (B By [J) > (e™By,e ™ ¢By, Ie”, efe 7)), (90)
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where m is the edge mass. This coincides with the previous action (19), (20) on Jt(w,v) when one
substitutes a - cand g, > m, & > —Mm — €.

From instanton counting, we know all fixed points (they are parametrized by partitions) and the struc-
tures of the tangent isotropy representations. While the torus action is now modified compared to Chapter
3, the fixed points are the same and we must only replace £ — m, £, — —m — ¢ to get the correct char-
acters of representations. Localization yields

cL (MM (w,v)) cL(Gly)
el (T M(w,v))

T (TM(w,v)) cI(G) =
/Ww)cz( @ =Y

AeB(w,v)

For the fundamental ¢g-character, w = 1. B (1, v) is the set of all partitions of size v (1-colored partitions).
Then the gg-character is (renaming v to k to match the notation in Chapter 3)

L (TM(1,k)) L (Ga)
ET(TAEIR(L k))

X5 0(x) = o

k=0  AeP(L,k)

The shift parameter o is redundant for fundamental gg-characters (there is only on Y-function in the
highest weight monomial), hence we set it to zero. By (84), the virtual representation G|, is isomorphic
to

Gla =N -K[i—e K[y +e " “K[1 + " K]y,

where N, K — (1, k) are the framing and instanton bundles from remark 3.14. By the computations
in Section 3.2.2 and the identifications of equivariant parameters @ — o,&; — m,& — —m — &, the
characters are
Ch'(Nl))=e” =1,  Ch'(K|y) =) e®
oed
where I5 = (51 — I)m + (52 — 1)(—m — &) is the content relative to the weights (m,—m — &). This,
together with (88), implies

Yx+i-mYx+i+e+m)

ci(Glﬁ)=y(x+e)D]1 ICET AR CET A O1)
From Chapter 3,
eT(T/lEIR(l k) ﬂ fD(fD +8) l_,LS (o ~T) ™, 2)
and similarly
LML) = [ [(~ta+e)(a+e+e) || Str -ta+e). 93)
o€ 0,0'ed

The product of (91), (92), (93) is telescopic (cf. [Kim21, equation B.2.4]), simplifying the end result:

Yx+I-mYx+iz+e+m)
Yx+I)Vx+ig+e)

Xs,.0(x) = V(x+¢) Z d ! ]Sthom +ace) | |

oed Oed

where ag = A, — 52 is the arm length and hg = A5, — 52 + isz — 51 + 1 the hook length. We see that
the fundamental gg-character of Ay theory is infinite and each Laurent monomial of Y-functions has one
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more Y-function in the numerator than in the denominator.

4.5 Representation theoretic interpretation of gg-characters

Throughout, all Lie algebras are complex and all representations are finite-dimensional.

4.5.1 Highest weight representations

We start off with an overview of the theory of complex simple Lie algebras g, as ine.g. [FH13]. Complex
simple Lie algebras are classified by their Dynkin diagrams. In the Dynkin diagram y (which is not a
quiver), each vertex i corresponds to a simple root a; € §¥ (where ) is a Cartan subalgebra of g), a simple
((fif'jli) and the fundamental weight A; € §" which satisfies (A;, a}’) = 6;;. The fundamental
weights span the weight lattice

coroot @; =

P=7ZA @ - ®ZAy C "

which contains the root lattice Q spanned by the simple roots. All weights of all representations of g are
contained in P. A partial ordering on the weight lattice is given by

Azu & A=u+ Z c;\; for some ¢; > 0.

i€Vert,

A weight A € P is called dominant if 4 > 0. The highest weight of a representation V of g is a weight A
of V that dominates all other weights, i.e. 4 > u for all u € Weights(V).

THEOREM 4.12 ([Carl3]). An irreducible representation of a finite-dimensional complex simple Lie al-
gebra g is determined up to isomorphism by its highest weight, which is a dominant element of P. Fur-
thermore, each dominant weight A € P is the highest weight of an irreducible representation of g.

A representation V’s character is
xv = me!
AeP
where m(A) is the multiplicity of the weight. This motivates defining the exponentiated fundamental
weights y; = e/, These play a similar role for characters of representations as the );-observables play for
gg-characters. A weight A of the representation V is expressed as an integer-coeflicient linear combination
of the fundamental weights, 1 = >}; 2;A;. Consequently, the associated exponentiated weight is a Laurent
monomial in the y;:
ol = pZidihi _ l_l yAi LeZ

l‘ b
i€ Vert,

This makes it clear that the character of V is in fact a Laurent polynomial in the exponentiated fundamental

xv=) m ||

AeP i€Vert,

weights,

much like how the gg-character is a Laurent polynomial or series in the shifted V;-observables (and their
derivatives).

For a highest weight representation V (1), we now outline the construction of its character from the
highest weight 4. We will see that this process is similar to constructing a gg-character from the highest
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weight monomial by repeated desingularization. It suffices to know all weights of V(1) and their mul-
tiplicities. Any weight u of V(1) must be ¢ < A. To generate weights lower than A, we use the Weyl
reflections: For each vertex i of the Dynkin diagram, the associated simple root ; defines a reflection

sith =0, pep—(u e

along the hyperplane orthogonal to it. This is called the Weyl reflection of vertex i. The Coxeter group
generated by the Weyl reflection is called the Weyl group W. Using the defining relation (A, @) = 6;j,
we see that the Weyl reflections act on fundamental weights by

Si(Aj) = Aj - (5,-jal-.
As the s; are linear, this extends to elements p = ) ; u;A; of the weight lattice P,
si(p) = = pici,

meaning that the weights lower than A are all obtained from A by applying Weyl reflections. The multi-
plicities of the new weights can be computed using Freudenthal’s recursion formula. We also define the
Weyl reflections on the exponentiated weights e# = []; y?-" € C[yji.l] jeVert,» by si(et) = e (1), This
way, the Weyl reflections are ring homomorphisms. Then,

sl [] o f=ar ] o7

J€Vert, J€Vert,,

where we define A; = e®, the exponentiated simple roots. Note the similarity of s;(y;) = Al.‘1 y; to the
iWeyl reflection (66) in the construction of gg-characters.

It can be seen from e.g. Freudenthal’s recursion formula that all weights in V(1) are related by addition
or subtraction of simple roots. Starting from the highest weight A, with associated monomial

e’l: 1_[ y;lizyil...yil/”, |/1|: Z /1i,

i€Vert, ieVert,

all lower weights occuring in the highest weight representation V(1) are thus obtained by repeatedly
applying Weyl reflections to factors y;, , i.e. all Laurent monomials in the character are of the form

k k
S]l1 (yi]) . Sj“::‘l (yl'w),
where ki,...,k)5 = 0,1. This is analogous to generating the gg-character from the highest weight
monomial

yil (X + &+ O-il,]) . e yl‘ﬁ‘ (x te+ O-i|m|9wi|w|)

by repeatedly applying iWeyl reflections to the individual Y-functions in the numerators. We should,
however, point out that the analog of the Frenkel-Mukhin algorithm for ordinary characters fails most of
the time.

Once all weights are found using Weyl reflections, their multiplicities can be computed recursively
using Freudenthal’s recursion formula.
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4.5.2 g-characters

We now provide some results and conjectures about the relationship between quiver gauge theory gg-
characters in the Nekrasov—Shatashvili limit £y — 0, and the g-characters of quantum group representa-
tions. We only conjecture the precise relationship, to resolve this we would need a more thorough analysis
of the quiver varieties’ fixed point submanifolds under different torus actions.

As the quiver variety Q(w, v) is a quotient by U(y), under the T, X T-action, the fixed point set is
stratified

Qw, )™ = | |Fa),
7

where the union goes over U(v)-conjugacy classes of homomorphisms  : 7, X T — U(v), and F(n)
is the associated fixed point submanifold. This is analogous to the fixed points on the resolved instanton
moduli space being associated with homomorphisms ¢ : T — U(k). The fixed point sets F(n) are
compact due to Nekrasov’s compactness theorem for crossed quiver instantons [Nek17, Sec. 10.1.5].

LemmA 4.13. Let (y,n,m) be a quiver gauge theory. Then, in the limit £y = 0 (Nekrasov—Shatashvili
limit), all cohomology qq-characters are Laurent series in shifted Y;-observables and matter polynomials
P;, not involving their derivatives.

Proof. The basic observation is that, for £, = 0, the Chern polynomial cgz (TQ(w,v)) is the equivariant
Euler class e"w*7 (TQ(w, v)). In the K-theory case, the same holds for Td™»*? (TQ) ChTw*T (A _ &' Q).
Our proof is for the cohomology case, for K-theory it would be analogous. In the 5 = 0 limit, the gg-

character is
T,, XT

X = Ve [ TR0 ) ¢ (56)
v JRWwy) -
Now we perform localization to fixed point sets F(n):

T xT Fap T e (G6)

€
TKXT TQ , o *G —
/mw,vf I ;/w 5T (NF ()

Using NF(n) = L*F(U)TQ/TF(U), this simplifies to

TEXT(L

* wxT
Z / e T(TE() e (46).
n YFm) -

Now, as the action on F is trivial, in the Cartan model the equivariant Euler class <7 (TF(n)) is equal
to the non-equivariant Euler class e(TF(n)):

% L XT | .
Y[ ewrm g, G0
n YFGn -

In this integral, because (T F (1)) has degree dim(F'(n)), the equivariant form ¢, ()€ (LZG) contributes
only with its component that has differential form degree 0, i.e. the polynomial (rational function) part.
By the identification of the equivariant Chern roots with weights (cf. beneath Lemma 2.13), this is the
rational function (88) but for the roots we enter the weights of V;, W;, which depend on the particular
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homomorphism 7:

Xuo(x)= Y 0" > x(Fm) | ] Qi) (94)
v n

i€Vert,,

with

B w; | . Vi P; (X + dlt(n))
Qi(x) = l_[yz (x+&+0ip) 1;[ Vix+di(m)Vi(x +&+d;(n))

p=1
Vout(e) Vin(e)
[T []yG+smeretduersm [ []30c=me+dine.(m)
ein(e)=i t=1 eout(e)=i t=1
where d; ;(17) are the weights of the representation on V; induced by 7 : T, x ' — U(v). O

Alternatively, (94) also holds with

0i(x) = | |Vt +e+0ip) | | Pilx+dii(m)
p=1 t=1

Vi

1_[ He:out(e):i yin(e) (-x +tme+e+ di,t(n)) He:in(e):i yout(e) (X —me + di,t(n))
Vi(x+di;(n)Yi(x +e+d;(n)) .

t=1

Note that the second row is equal to H;;l A;(x +d; . (n))~!, where A;(x) was defined in the context of
iWeyl reflection in (66).

In the &, = 0 (equivalently g, = 1) limit, gg-characters look a lot like g-characters, which are
also Laurent series in formal variables Y; . The g-character is a generalized character defined by Knight
[Kni95] for Yangians, and by Frenkel and Reshetikhin [FR99] for quantum affine algebras. Both Yangians
and quantum affine algebras are quantum groups (which aren’t actually groups at all but rather Hopf
algebras). The reason we need both of these quantum groups is that the Yangian g-characters relate
to cohomology gg-characters while the g-characters of quantum affine algebras relate to K-theory gg-
characters.

Yangians. Given a simple Lie algebra g, its polynomial loop algebra is g ® C[¢] (with commutation
relations as in [CP95b, Sec. 12.1]). The Yangian of g, denoted Y(g), is a certain deformation of the
universal enveloping algebra U(g ® C[r]). Precisely, the commutation relations of certain generators
of U(g ® C[t]) are modified by use of a deformation parameter £ € C. The Yangian Y (g) depends on
this parameter, even if it doesn’t show in the notation. In the limit where & = 0, the Yangian reduces to
the polynomial loop algebra’s universal enveloping algebra; Y (g) = U(g ® C[¢]). A full definition of
Yangians, including the precise commutation relations, can be found in [CP95b, Sec. 12.1].

Quantum affine algebras. The affinization of the simple Lie algebra g is
d=g0C[r,r ']eCcaCd

where g ® C[¢,¢!] is the loop algebra, ¢ a central element, and d a derivation of g. For the commutation
relations, see [CP95b, Sec. 12.2]. This affine Lie algebra has a universal enveloping algebra U(g). By in-
troducing a deformation parameter ¢, Drinfeld [Dri85] and Jimbo [Jim85] deformed U(§) to U, (§) (with
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the goal of studying and providing solutions to the quantum Yang—Baxter equation), the quantum affine
algebra associated with g. Precisely, the parameter is used to alter the relations between the generators of
U(§). In the case g = 1, the relations are unchanged, i.e. U;(g) = U(§).

The representation theories of the Yangian and the quantum affine algebra are very similar. This is
because the Yangian is in a sense a degeneration of the quantum loop algebra U, (g ® C[t,77']) [GM12].

The g-characters. In order to study the finite-dimensional representations of the Hopf algebras Y (g)
and U,(§), first Knight [Kni95] and later Frenkel and Reshetikhin [FR99] introduced the g-characters.
Just as the ordinary character is an injective homomorphism y : Repg — Z [y:.—'l],-eVerty, the g-characters
are injective ring homomorphisms

Xq :Y(g) — Z[Yiil,-i]ieVerty,(rieC, Xq 1 RepUq(8) — Z[Yiil-i]ieVerty ..... n,7;€C%»

where Rep is the Grothendieck ring of the category of finite-dimensional representations. The g-character
Xq Was originally defined by use of the universal R-matrix of U, (g) [FR99]. Using his quiver varieties,
Nakajima [NakO1] studied the representation theory of U, (§) for when g is of type ADE. In particular,
he gave a geometric definition of g-characters, which we will try to relate to gg-characters. First, we
should mention some basic facts about the finite-dimensional representation theory of quantum groups.

Drinfeld [Dri87] defined a family of finite-dimensional irreducible Y (g)-modules {U; (o) }ievert,,acc»
called the fundamental Y (g)-modules, that play a central role in the representation theory of quantum
groups:

LemMma 4.14 ([CP95a], Cor. 3.6). Every finite-dimensional irreducible Y (g)-module U is a subquotient
(a quotient of a submodule) of a tensor product of fundamental Y (g)-modules

U(e) = (X) ®Ui<m-,p>

i€Vert, p=1
and the parameters o; , € C are uniquely determined (up to permutation) by U.

Fundamental modules also exist for the quantum group U, (§), we denote them by V;(7) (in this case
7 € C* rather than o= € C as for the Yangian) as well, and the analogous statement to Lemma 4.14 holds
in this setting too.

The continuous parameter ¢ in the formal variables ¥; , may initially seem puzzling. After all, sim-
ple Lie algebras don’t need this extra parameter for their characters. Its presence for the Yangian (and
that of 7 for the quantum affine algebra) is made essentially due to the variable 7 in g ® C[¢]. Irreducible
representations of g ® C[¢] are exactly the pullbacks of irreducible g-representations by evaluation ho-
momorphisms ev, : g ® C[t] — g, (X, p(t)) — p(0)X, of which one exists for each o € C.

We give a geometric definition of the g-character based on Nakajima’s work [NakO1], originally in
the context of quantum affine algebras but extended to Yangians by [Var0O]. For this, we must restrict
attention to simple Lie algebras of type ADE (otherwise it is unclear how to associate a quiver to the Lie
algebra). The directions of the edges in the Dynkin diagram do not matter for the definition.

The group G,, acts on the quiver varieties Q(w,v) as outlined in Section 4.4. We also need the
C*-action on Q(w, v) defined by

u- (B€,+’ Be,—71i7‘]i) = (uBe,+, l/lBe’_,MIi, u‘ll)
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(this action is more complicated for non-ADE quivers). The parameters oy ,, (i € Verty, p =1,...,w;)
and & (resp. 7;,, and g) define a semisimple element (e, e®) (resp. (7, q)) of G,, X C*. We define the
subgroup A of G,, X C* as the Zariski closure of {(e<, e®)/ | j € Z}. The fixed point set is the union

Q. * =] |E)
yed

where p are G ,-conjugacy classes of homomorphisms A — G, and E(p) the corresponding fixed point
submanifold of Q(w, v) (E(p) is connected when ¢ is not a root of unity). Each p defines a representation
of A on each V; and we denote the eigenvalues of o by ¢; ;(p) and those of 7 by ¢; ;(p) (counted with
multiplicities; r = 1,...,v;). These eigenvalues ¢; ; lie in U, (07, , + Ze) (resp. ¢;; € UpTi,qu.)

DEFINITION 4.15. Let g be a simple Lie algebra of type ADE. Suppose a Y (g)-module U (respectively
U, (g)-module V) is an irreducible subquotient of U(c) (respectively V(z)). Its g-character is

Vi

XaW) = > x(E@) [] ]W_[ Yiowy | [Ark o)-s 95)
v op

ieVert, \ p=1 t=1

(respectively with g~ c; ;(p)) where

o -1 -1
Ai,x—e -—Yi,in,x—Zs l_[ Yout(e),x_g 1_[ Yin(e)’x_g (96)

e:in(e)=i e:out(e)=i

(and A; 4-1,
homology.

is defined analogously for U, (8)) and the Euler characteristic x is defined in Borel-Moore

For example (cf. [FR99, Sec. 5.4]), the g-character of the fundamental Y (sl,)-module (respectively
Uq(sAIz)—module) (A diagram) is

Xq(Ui(0)) =Y1,0 +

s Xq(Vl(T)) =Y+

€0

Y1,0'+2£ Yl,‘rqz

and that of the first fundamental ¥ (s13)-module (respectively U, (s13)-module) (A, diagram) is

Yz’ 1 Y2, 1
AL o xgi(@) =Y+ LA

XqUi(0)) =Y1,0 + .
K 7 Yl,(r+2€ YZ,(T+3£ l,TqZ YZ,Tq3

In the literature it is frequently stated that the &, — 0 or go — 1 limit of the gg-character is the
g-character. It is more subtle than that:

* Given a simple Lie algebra g, there are multiple choices of directions on its Dynkin diagram’s
edges, thus multiple quivers correspond to the same Lie algebra and the same quantum groups.
The gg-characters are sensitive to the directions of edges, also in their £, — 0 limit.

» Unlike gg-characters, g-characters contain no edge masses m, and no matter polynomials. Thus,
we only consider quiver gauge theories with m = 0 and work in the limit m, = 0.

* The gg-characters contain the factors q;. We will conjecture how these may contribute to the g-
character.
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* The S-functions in the gg-characters (cf. Example 4.6) pose no problem, as they converge to 1 in
the £, — 0 limit.

* In the K-theory gg-characters there are also the factors z* and f;. These have to be forgotten in the
g2 — 1 limit.

* The gg-characters depend on a choice of shift parameters o (or 7 in K-theory). These have to be
chosen correctly so that the limit coincides with the g-characters.

We consider two basic examples in cohomology: The A; theory’s gg-character is

q

y](x+8+0')+m,

which looks no different in the &, — 0 limit. Compare this with the g-character (97). Clearly, when we
follow the qg-to-q prescription to

(1) setx =—¢&

(ii) flip & & —¢,
(iii) for each monomial qX yi_‘ "'yif‘
2 Y-,

, add |k|e to the arguments of all Y-functions in the monomial,

the gg-character becomes the g-character. The same prescription works for the first fundamental gg-
character of the quiver 1 « 2 (the reversed A; quiver; this does not work for the standard A, quiver):

M(x+e+0) 1

Vi(x+e+0)+aq Vit o) +CI1CI2m

ConNJECTURE 4.16. Let g be a simple Lie algebra of type ADE and let U be an irreducible subquotient of
the Y (g)-module U(c). Then there exists a choice of directions on its Dynkin diagram’s edges, defining
a quiver 7y, such that when one applies the qq-to-q prescription, the cohomology qq-character X\, o of
the quiver gauge theory (7, n,0) reduces to the q-character of U in the limit €7 = 0.

In the proof of Lemma 4.13, we found the formula

Xwo ()= D 0 D X (F) [ ] ]ﬁ[3a-<x+s+m-,p>]E[Ai<x+dl—,t<n>>-l (98)
\4 n t=1

i€Vert, \ p=1
for the m = 0 gg-character in the £, — 0 limit, with

YVi(x)Vi(x +¢)

Ai(x) = .
' ne:in(e):i yout(e) (x) He:out(e):i yin(e) (x + 3)

99)

Clearly, equations (98) and (95) are very similar: In the monomial in the sum they are merely shifted by
& against each other. However, (98) is a sum over fixed point sets of the 7, X T-action while (95) is over
fixed point sets of the A-action. Furthermore, A;  in (96) and A;(x) in (99) are different. We do not
know how to relate (98) and (95) completely, but believe this to be the key to proving Conjecture 4.16.

There is an obvious extension of this conjecture to K-theory gg-characters and g-characters of U, (g);
here the gg-to-q prescription includes deleting the z* and f; from the gg-character.
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A standard fact from the theory of g-characters is that, in the € — 0 or ¢ — 1 limit, the g-character

of an irreducible subquotient of U(o), o = (07, p)l-evmy, p=1,...w;» (or V(7)) reduces to the ordinary char-

acter of the irreducible g-representation with highest weight > ; w;A;. Thus, a corollary of our conjecture
would be that, for ADE quiver gauge theories (y, n,0), the gg-characters of highest weight w reduce to

the ordinary characters of the associated highest weight representation of g,, in the €, o, m — 0 limit.

Other work on gg-character representation theory. Kimura and Pestun [KP18b] constructed a quiver
W-algebra, in which Y-functions are implemented as vertex operators and the fundamental gg-characters
are the generating currents.

The connections between quiver gauge theory and representation theory we discussed have been re-
stricted to ADE quivers. We couldn’t realize other simple Lie algebras’ Dynkin diagrams as quivers
as their Cartan matrices are asymmetric, while those of quivers are always symmetric. However, this
asymmetric case can be treated in the fractional quiver gauge theories introduced by Kimura and Pestun
[KP18a].

Recently, work has been done [Liu22; Bay+23] on the question of finding a purely representation
theoretic definition of gg-characters: This is supposed to be the gg version of the original definition of
g-characters in terms of the R-matrix of the quantum affine algebra.
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5 Conclusion

In the preceding chapters we gave an overview of instanton counting and the nascent theory of gg-
characters for quiver gauge theories. Let us review some of the questions we raised.

We expect gg-characters defined by the integrals over quiver varieties to be the result of the recursive
desingularization starting with the highest weight monomial of Y;-functions. To make this precise, one
would need to unambiguously provide an algorithm for this process, most likely an adaptation of the
Frenkel-Mukhin algorithm. After this, a first step might be to prove the non-singularity of the expectation
of the algorithm’s result, possibly using the method of Hasse diagrams that we sketched in Example 4.6.
Proving that this algorithmic gg-character coincides with the geometric gg-character would likely be
more difficult.

Another research direction would be using the non-perturbative Dyson—Schwinger equations for in-
vestigating the distributions of the random partitions defined by the Nekrasov partition functions in the
limit €1, &, — 0. The non-perturbative Dyson—Schwinger equations could play a similar role to that of the
Dyson—Schwinger equations of random matrix theory. Our Section 4.3 remains at the surface level of what
could be possible here. A first analysis of random partitions using non-perturbative Dyson—-Schwinger
equations was conducted in [BGG17].

For the relationship between g- and gg-characters we provided the Conjecture 4.16 but were unable
to prove it. To relate our formula for the &, — 0 limit of gg-characters 94 to Nakajima’s formula for
g-characters 95, an analysis of the quiver varieties’ fixed point submanifolds under the actions by 7,, X T’
and A, as well as the structures of the isotropy representations of the bundles V; is needed.

Recently, much research on gg-characters has been focused on finding a purely representation theo-
retic definition or interpretation of them. For the case of A-type quivers, [Bay+23] presents a definition
based on R-matrices, similar to the original definition of g-characters [FR99]. Extending this definition
to more general quivers remains an open problem.
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Appendix A: Partitions and Young Diagrams

DEFINITION A.l. Let k be a non-negative integer. A partition of k is a finite, non-ascending sequence of
positive integers
A=A 2 =2---22,>0)

that sums to k = 25L=1 As.
Here L = length() is called the length of the partition and k is also called the partition’s size,
denoted |1|. We denote the set of all partitions of size k by B(k). To each partition 1 we associate a

Young diagram. This is a diagram of boxes, each with a vertical coordinate s € Z-¢ and a horizontal
coordinate ¢ € Z.¢. The set of boxes in the Young diagram associated to A is

{(s1,520) € Z%y | si=1,....,Land sy = 1,..., Az}

The partition’s size is exactly the number of boxes in the Young diagram. As an example, consider the
Young diagram of the partition 2 = (5,4, 1, 1).

To a partition A, we associate the transpose partition A, defined by
/\{s =#{ie Z-o | A; = s}.

The transpose partition’s Young diagram is exactly the transpose of the original partition’s Young dia-
gram. As an example, for the partition A = (5,4, 1, 1), whose Young diagram we considered above, the
transpose is A = (4,2,2,2, 1) and its Young diagram is

[ ]

It is clear that, while the length of a partition’s transpose may be different from its own length, their
sizes are the same.
We will generally identify partitions with their Young diagrams.

DEFINITION A.2. Letn > 1 and k > 0 be integers. An n-colored partition of k is an n-tuple of partitions

whose sizes sumto k = 3" _ [19].

We denote the set of all n-colored partitions of size k by P (n, k). Of course, to such an n-colored
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partition are associated n Young diagrams in the fashion outlined above. We write

k[A] = zn: |19
a=1

We sometimes write (@, 0) € Afora=1,...,nand O € 1%. We call (e, 0) a box in A.
In the setting of quiver gauge theories, a quiver is colored by associating to each vertex i a positive
integer n;.

Vert,,

-0 be a coloring of a quiver y. An n-colored partition of

DEFINITION A3, Let n = (n;)icven, € Z

Vert,, . .
k= (ki)iever, € Z, " is an assignment
L = ()\‘l)iEVerty

of an n;-colored partition A= (A1) g1 n; Of size k; to each vertex i.

.....

We denote the set of all n-colored partitions of k for a quiver y by B (n, k). We write

kIR = (6 [M) oy, = (KIMT) €77,

i€ Vert,

We sometimes write (i, @, 0) € A fori € Verty, @ = 1,...,n,and 0 € 1'*. We call (i,@,0) a box in A.

Outer and inner boundaries. For a partition’s Young diagram, we distinguish between the outer and
the inner boundary. The outer boundary 9,4 consists of all boxes (s1,s2) € Zio outside the Young
diagram such that the boxes (s; — 1,s2) and (s1, s, — 1) (left and above (s1,s2)) are contained in the
Young diagram or such that one of these boxes is in the Young diagram and that (s, s7) lies in the first
row (s; = 1) or first column (s, = 1). The inner boundary d_A consists of all boxes (s, s2) € Zio inside
the Young diagram such that the boxes below (box (s; + 1, s2)) and to their right (box (s, s2 + 1)) are
outside the Young diagram. We illustrate these concepts for the partition 2 = (5,4, 2,2,2):

‘ n

N

partition A inner boundary 0_1

outer boundary 9,4

Note that for all partitions A there is one box more in the outer than in the inner boundary, i.e. #09,1 —
#0_A = 1. The significance of these boundaries for non-perturbative Dyson—Schwinger equations is that
if one wants to increase the size of a partition by 1, one has to do this by adding a box in the outer boundary
to the Young diagram, thus turning it into an inner boundary. If one wants to decrease the size, one has
to take away a box from the inner boundary, thus turning it into an outer boundary.

Torus representations from partitions. A partition A of size k defines anideal I, ¢ C[X, Y] generated
by the monomials x*' ~!y%2~! for each box (s1, s7) € Zio outside the partition. A smaller generating set
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consists of the monomials x*' ~!y$2~! for each box (s1, s2) € 9,4 in the outer boundary of A. The quotient
Ky =Clx,y]/Ia

is a complex vector space of dimension k. The torus (C*)? is represented on C|[x, y] by

s1—1,,s2—1 s1—1

(q1,q2) - x* 1y = (g1x1) " 7 (gaxn) 27! = e simlysal

y

where g = e®!, g = ¢®2, and
co=(s1—De+(s2- De

is called the content of the box O = (1, s2). As the ideal , is an invariant subspace of this representation,
the quotient K, is a representation of (C*)? too. Its character is

Xx(Ka) = Z e,
oed
We denote by e, @ = 1,.. ., nthe 1-dimensional representation of (C*)" defined by (e®!,. .., e%)

€% i.e. the fundamental representation of the a-th factor group. An n-colored partition A then defines a
representation of (C*X)" x (C*)?, the complexification of the maximal torus in U(n) x Spin(4),

szzn:(e“a Z K,

a=1 geAe

of dimension k[A]. Its character is

x(Kp)= ) eteree,

(a,0)€eh

If we have a quiver and an n-colored partition A = (li)l-evmy, then for each vertex i € Vert, there is
the representation
Ki[A] = K;i,

used in the derivation of the non-perturbative transformation of the measure.
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Appendix B: Dyson—-Schwinger equations

Dyson—Schwinger equations in quantum field theory (QFT) and random matrix theory (RMT) are essen-
tially just integration by parts formulas. We discuss how integration by parts formulas are a consequence
of translational symmetry of the integration measure (more generally; parametrization invariance of the
integral). This perspective of Dyson—Schwinger equations originating from the measure’s translation-
invariance is important for us because the non-perturbative Dyson-Schwinger equations of ' = 2 su-
persymmetric quiver gauge theories (cf. Chapter 4) originate from a similar feature of a measure on a
discrete set.

Suppose V is a vector space (e.g. the infinite-dimensional space of classical fields for a QFT, or a
space of matrices in RMT) together with a translation-invariant measure ¢ (which is problematic in the
infinite-dimensional situation of path integrals, but this is generally ignored in physics):

(A +€) = u(A)
where A is some measurable set in V and € € V some translation vector. We define the functional
() = /V v+ Og(v) duv) = /V £ =€) du(v)

by translation-invariance. Assuming differentiation with respect to € and integration are interchangable,

DI(0)e = /V (Df()e)g(v) du(v) = - /V £ (Dg(v)e) du(v),

which is the integration by parts formula with vanishing boundary terms.

Building upon this derivation of integration by parts from translational symmetry, we discuss (pertur-
bative) Dyson—-Schwinger equations in quantum field theory and random matrix theory, as well as some
applications.

B.1 Dyson-Schwinger equations in quantum field theory

In the path integral formalism of quantum field theory, the action S : 7 — R on the space of classical
fields F (which one should think of as a vector space of functions on spacetime R*) defines the partition

Z= /[D¢]e—5[¢]
F

as the integral over the infinite-dimensional space F of the functional e~ (this is after Wick rotation,

function

without Wick rotation one instead integrates ¢’5). While this integral is mathematically problematic to
define, it has proved useful in physics to proceed as if it existed and had the standard properties of integrals.
One may now think of % as a kind of probability measure on the field space F. In this formalism,
observables are functionals @ : F — R and may thus be integrated with respect to the aforementioned
measure, yielding their expectations

_ 1 ~s[4]
(© =3 fr [Dg]eS1410[4]

Assuming translation-invariance of the path integral measure and vanishing boundary terms, we can

76



perform integration by parts for the functional e =5 (where we use functional derivatives 6/5¢(x)):

_s1¢]95[4] _ _s(#190[¢]
/ (Dol B o0) / (Dol 11570,

5S 50
<6¢<x) ‘9> B <—6¢(x) > (100)

Typically, one considers Dyson—Schwinger equations for the observables

or in the probabilistic notation,

O, [¢] = o d*xI(x)¢(x)

where J : R* — R (for real scalar field theories) is a source field. The significance of these observables is
that the QFT’s correlation functions (Green’s functions) can be obtained from them: Define the generating
functional

Z[J] = / [D¢]e—5[¢]+fd4xl(X)¢(X) = Z2(O)).
Then the n-point correlation function G, (x, . . ., X, ), which is the expectation (¢ (x1) . .. ¢(x,)), satisfies

1 §"z[J]

Gn(X1seodn) = = s T o’

The Dyson—Schwinger equation for Oy is

oS
< 5000 @J> = @0y)

and, using that Z (¢" @) = 2--Z[J], it can be seen that

5Jm
oS oS | o
Z\=0s)=— |2l
op op |0J
thus the Dyson—Schwinger equation is
oS | o
op |0J

Z[J] - JZ[J] = 0. (101)

For the example of ¢* theory where the Lagrangian is £ = %[(a¢)2 —m?¢?] - %(;34, using g—; =—0%p -
m>¢ — %([)3, the Dyson—Schwinger equation (101) is

[826 , 6 g &

7 TS st A1+ =0

Now we can successively take infinitely many functional derivatives (Wz](x)) of this equation.

Each of the infinitely many equations obtained is evaluated at J = 0, making it an equation for the corre-
lation functions G:

(2 +m?)Gy (x) + §G3<x,x, x) =0,
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(8)% +m?)Gr(x,x1) + §G4(x,x,x,x1) +6(x—x1)G1(x) =0

2
(8)% +m?)Gs(x,x1,x2) + %Gs(X,X,X,Xl,XZ) + Z 0(x —x;))Ga(x,x;) =0
i=1

B.2 Dyson-Schwinger equations in random matrix theory

Here, we replace the field ¢ by a matrix M, meaning we pass from an infinite-dimensional to a finite-
dimensional setting which has the advantage of integrals being well-defined so that the derivation of
Dyson—Schwinger equations is rigorous. In RMT, Dyson—Schwinger equations are also called loop equa-
tions. Our treatment is informal and follows that of Eynard [EKR15, Sec. 4.1]. Consider an ensemble
Hpy of Hermitian N X N matrices. The probability distribution is specified by the action

S(M)=NtrV(M), V(x) € R[x]
given by a polynomial potential. Then the partition function is

2o [ emevanay
Hyn

where dM is the Lebesgue measure.
The RMT version of the Dyson—Schwinger equation (100) is ( T 93 (9> ( T 00 > where O is some

function Hy — C. We consider the observables O;;[M] = (M k)l‘,. From the relatlons

trV(M) =V'(M)j; and

k-1
= > (MY (M*h
1=0

M;; M,
it becomes
k=1
N ((MR); V! (M) i) = > (MM
1=0
Summing this relation over i, j yields
k=1
N{tr (M*V'(M)))y = > (eMFum=T).
1=0

In order to encode all these equations into a single functional relation, we add these equations over k with

—k—1

a factor of x , where the variable x is considered formal:

>~

oo k-1
NZ UMV (M))) :Z xR e Mt o MR
k=0

— N<tr((ix_k_1Mk)V’(M))> 3

k=0
1 1

— —<tr( V’(M))>
N x—-M

I
[«

x4 b2 trM“trMb>
b=0

<tr r— M> (102)

N = Q[>/18
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where we use the matrix resolvent

_Z —k=1p0k

k>0

Equation (102) can be expressed in terms of the one-point and two-point correlation functions

Wl(x) 1 <tr 1M>’ Wz(Xl,XZ) = ]\12 <trx1 thrx21M>—W1(x1)W1(x2)
as
Wa(x,x) + Wi (x)> = V/ (x)W; (x) = =P(x) (103)

where P(x) = # <tr W> is a polynomial.

Growing the size N of the matrix to infinity, the limit

— 1
Wi(x) = hl)nmﬁtrx_M

is deterministic as, in the limit, the probability distribution concentrates at the minimizer of the action.
The large-N limit of the Dyson—Schwinger equation (103) is

W(x)2 =V (x)W(x) = —P(x) (104)

M is polynomial. This is an algebraic equation for W (x) and the

where P(x) = limN_m tr
equation y% —V’(x)y + P(x) 0 deﬁnes an algebraic curve, called the spectral curve of the matrix model.
While W (x) has branch cuts or can be regarded as a multi-valued function defined by (104), as a function
on the spectral curve it is analytic and single-valued.

The spectral curve encodes much information about the matrix model. In particular, in settings where

there’s a topological expansion (for example those of [BG13])

Wn = Z N2_2g_nt’n,
g20

the correlation functions W,, (as well as the free energy F = Wy = —log Z) can be computed from Wy ;
and Wy » by topological recursion (cf. [Bou24; Eyn+16]), using residues at the branch points of the curve.

Under suitable assumptions, the eigenvalues of M are located at the poles of the resolvent ~—3;, so

M 9
that the equilibrium density of eigenvalues

N
1
=(x) = 1i 1 A
px) = lim_ <N Zl] 5(x =2 >>
(A; are the random eigenvalues of M) is supported on the cuts of W (x) [EKR15, Sec. 3.2]. In fact,
_ 1 =
p(x) = —ImW(x +i0).
s
To this thesis, the relevance of the RMT Dyson—Schwinger equations’ use in investigating the large-N
limit of matrix models is that the non-perturbative Dyson—Schwinger equations can be used in a similar

way to investigate the measure, defined by the Nekrasov partition function on the space of partitions, in
the limit £, £, — 0. We briefly explore this in Section 4.3.
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