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1 Introduction

Morse theory is the study of Morse functions and how they mirror a manifolds topological
properties. A Morse function is a differentiable real-valued function on a manifold which
only has non-degenerate critical points. The simplest Morse functions are smooth functions
5 : " → R defined on a differentiable submanifold of R= that assign each point G ∈ " a
‘‘height’’ 5 (G) above some plane in R=. It is unsurprising that such height functions encode
much of the shape of the manifold, and then so do general Morse functions. They can for
example be used to find CW structures, handle decompositions and define a homology the-
ory on the underlying manifold. Despite their usefulness, �: Morse functions are generic
in the sense that they form an open and dense subset of �: ("). However, it is not always
possible to find a homotopy { 5B}B∈[0,1] connecting two �: Morse functions 50 and 51 such
that each intermediary function 5C is �: Morse itself.

In [Cer70] Jean Cerf proved a theorem that partially rectifies this defect. He showed that
on a closed manifold two Morse functions can always be connected by a �: homotopy in
such a way that, except for finitely many times C1, . . . , C# , all intermediary functions 5C are
Morse themselves. In fact, there doesn’t just exist one such homotopy but rather, it is the
case that generic �: homotopies have this property. Moreover, the non-Morse intermediary
functions 5C8 each have just one degenerate critical point and at this point the homotopy has
a birth-death bifurcation. At a birth bifurcation, as C increases, a critical point appears out of
nothing, is ‘‘born’’, splitting into two non-degenerate critical points. At a death bifurcation
two non-degenerate critical points collide, momentarily becoming one degenerate critical
point and then disappearing, or ‘‘dying’’. Finally, the two born or dying critical points have
Morse indices : and : + 1. This has applications in Kirby calculus.

The main goal of this thesis is to explain a proof of Cerf’s theorem.

In chapter 2, we introduce the basics of Morse theory and everything else that needs to be
known to understand the statement of Cerf’s theorem. This includes the definition of birth-
death bifurcations and a topology on a space of differentiable functions.

Chapter 3 gives basic definitions of concepts of differentiability on Banach spaces and
Banach manifolds as the proof of Cerf’s theorem requires these. Especially the implicit
function theorem for Banach spaces will be useful. In the end we discuss Stephen Smale’s
generalization of Sard’s theorem, which will be the most important tool in proving genericity.

Chapter 4 is the central part of this thesis. It is dedicated entirely to the proof of Cerf’s
theorem, using the concepts introduced in the preceding chapters. First it will be proved that
the universal spaces of critical points (<) and (<; :) are Banach submanifolds of
a space [0, 1] × " × <, where < is the set of all �< homotopies between two Morse
functions 50 and 51. These spaces contain all critical points for all intermediary functions
for all possible homotopies. After proving this, we will show that for generic homotopies
the space of critical points of all intermediary functions is a one-dimensional manifold, and
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the space of degenerated critical points is a zero-dimensional manifold. In particular, as
[0, 1] ×" is compact, this means that there are only finitely many non-Morse intermediary
functions. Then it will be proved that for generic homotopies there is, at any time, at most
one degenerate critical points. Finally, it is proved that these degeneracies are all birth-death
bifurcations that the Morse indices of pairs of born or dying critical points are : and : + 1.
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2 Morse functions, birth-death bifurcations and Cerf’s theorem

This chapter introduces everything that’s needed to understand the main theorem of this
thesis. This includes the basics of Morse theory. Throughout, " is a smooth manifold of
dimension =.

2.1 The natural linearization at a zero and the Hessian of a function

Let � → " be a vector bundle and f : " → � a differentiable section of it.

Lemma 1. At each zero G ∈ " of f, there exists a natural linearization

�f(G) : )G" → �G , E ↦→ �f(G)E

of f independent of any choices. It is the same as the tangent map )Gf when trivializing �

in a neighborhood * around G and thus replacing f by a map * → �G .

Proof. Recall that, for two covariant derivatives � (8) , � (88) ,

Γ(�) × Γ()") → Γ(�), (f, E) ↦→ �
(8)
E f − �

(88)
E f

is tensorial not only in the vector field E but also in the section f. This means that, when
f(G) = 0,

�
(8)
E f(E) = �

(88)
E f(E). (1)

Let G ∈ " with f(G) = 0 and suppose there is a trivialization of � on * around G,
identifying f with a map f : * → �G . The tangent map is tensorial in the vector field and
linear in the section. That is, for functions 5 , 6, scalars 0, 1 and functions f, U, V : * → �G ,
it holds that

)f( 5 E + 6F) = 5 )f(E) + 6)f(F), ) (0U + 1V) (E) = 0)U(E) + 1)V(E).

This makes it a covariant derivative on the trivial vector bundle �G ×* → * and, because
the trivialization � |* → �G ×* is linear on fibers, it also defines a covariant derivative on
� |* . As, by 1, the linearization �f(G) is the same for all covariant derivatives, it follows
that the natural linearization is equal to the tangent map in the trivialization. �

We now use the natural linearization to define the Hessian of a function. Let " be a
Riemannian manifold and 5 : " → R be a �2 function on " . At a critical point G ∈ " ,
i.e. a point with ∇ 5 (G) = 0, the Hessian of 5 is defined as the natural linearization of the
gradient vector field, � (∇ 5 ) (G) : )G" → )G" . One useful property of the Hessian is that
it is symmetric:

6(� (∇ 5 ) (G)E, F) = 6(E, � (∇ 5 ) (G)F) (2)
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The Hessian is also often defined differently, for example as the second covariant derivative
in which case it is a (outside critical points non-symmetric) bilinear form instead of an en-
domorphism (a (0, 2)-tensor instead of a (1, 1)-tensor). In this thesis however, it is regarded
as an endomorphism.

2.2 Basic Morse theory

This section is a glimpse into Morse theory, the study of Morse functions on manifolds,
and the topological information they encode. Proofs of most statements are omitted but can
be found in [Mil73]. Throughout, " is a smooth manifold equipped with a Riemannian
metric (although Morse functions can also be defined without the metric so it is just for
convenience).

Definition 1. A Morse function on a smooth manifold " is a �2 function 5 : " → R
for which every critical point is non-degenerate This means that at each G ∈ " for which
∇ 5 (G) = 0, the Hessian � (∇ 5 ) (G) is invertible.

Now, the Hessian being invertible might not be a very comprehensible criterion. The
Morse lemma helps illustrate what’s so special about Morse functions: At every critical
point there exist coordinates in which they take a simple polynomial form:

Lemma 2 (Morse lemma). Suppose that 5 : " → R has a non-degenerate critical point at
G0 ∈ " . Then there exist coordinates {G:}=:=1 on a neighborhood * of G0 in which 5 takes
the form

5 (G) = 5 (G0) − G2
1 − · · · − G2

8 + G2
8+1 + · · · + G2

=.

Here 8 is the number of negative eigenvalues of the Hessian at G0, called the index of 5 at
G0. It varies from critical point to critical point.

Equivalently, the index at G0 is the dimension of largest subspace of )G0" on which
� (∇ 5C ) is negative definite.

It is easy to see that the given definition of Morse functions is equivalent to saying that
a Morse function is a function whose derivative 35 is transverse to the zero-section in )∗" .
This also makes it clear that the set Crit( 5 ) of critical points of 5 is a codimension-=, i.e.
0-dimensional, submanifold of " . In other words, the critical points of a Morse function
are isolated. Thus, Morse functions on compact manifolds have only finitely many critical
points.

One interesting thing about Morse functions is that they define CW structures and handle
decompositions for closed manifolds, which is useful for investigating its homotopy type.
The connection between Morse functions and homotopy type is made clear in the following
two basic theorems of Morse theory, whose proof can be found in [Mil73] §3. For every
‘‘height’’ ℎ ∈ R the cell or handle decomposition of the part of " below this height, "ℎ =

{G ∈ " | 5 (G) ≤ ℎ} changes when ℎ traverses a critical value. Precisely, an 8-cell or 8-handle
is attached to "ℎ−n when the critical point has index 8.
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Theorem 3. Let 5 : " → R be a Morse function on a manifold " . Suppose that [0, 1]
contains no critical values of 5 and 5 −1 [0, 1] is compact. Then "0 and "1 are diffeomor-
phic.

Theorem 4. Let 5 : " → R be Morse and G ∈ " a (non-degenerate) critical point of 5

with index 8. If, for ℎ = 5 (G) and some n > 0, 5 −1 [ℎ − n, ℎ + n] is compact and contains no
other critical points, then "ℎ+n is homotopy equivalent to "ℎ−n with an 8-cell attached.

On a closed manifold, a Morse function with all its critical points on different levels then
generates a CW structure on " .

2.3 Homotopies of Morse functions and birth-death bifurcations

This thesis is concerned mainly with homotopies between Morse functions. For functions
50 : " → R and 51 : " → R, a homotopy is a continuous map � : � ×" → R (� = [0, 1])
such that � (0, ·) = 50 and � (1, ·) = 51. � is called a �: homotopy if it is �: as a map
� × " → R. We will mostly denote homotopies as families of functions,

� = { 5B}B∈� = { 5B}, where for all C ∈ � : 5C = � (C, ·) ∈ � (").

An important fact of Morse theory ([Hir76], p. 147) is that �: Morse functions form an
open and dense set in the vector space �: (") when it is equipped with the right topology,
meaning that Morse functions are the norm rather than the exception. One may then hope
that one can find, for any pair of Morse functions 50, 51, a �: homotopy { 5B} connecting
them that is itself Morse in the sense that

∀C ∈ � : 5C ∈ �: (") is Morse.

The following lemma implies that this is not generally the case:

Lemma 5. Let 50, 51 ∈ �: (") be Morse functions defined on a closed manifold " . If { 5B}
is a �: Morse homotopy between 50 and 51, then 50 and 51 have the same number of critical
points.

The problem now is that Morse functions defined on the same manifold may have dif-
ferent amounts of critical points. Consider for example

5: : (1 = R/2cZ → R, [\] ↦→ sin(:\), : = 1, 2, 3, . . .

51 has two critical points, 52 has four critical points, and so on. So no two different Morse
functions in this family can be connected by a �: Morse homotopy.

The lemma’s proof use the evolution space of critical points

({ 5B}) := {(C, G) ∈ � × " | ∇ 5C (G) = 0}.
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This space encodes the evolution of critical points of 5C as C varies and it will be one of the
primary objects of chapter 4. An illustration of this space for a particular homotopy can be
found a few pages ahead in this section.

Throughout the proof, open intervals are to be understood as their intersection with �.

Proof of lemma 5. Pull back the vector bundle )" → " by c" : � × " → " to get a
vector bundle � → � × " . Define the section

f : � × " → �, f(C, G) = ∇ 5C (G).

Note that its zero set is exactly ({ 5B}). In a local trivialization of � around (C, G), f may
be identified with a function with values in � (C ,G ) = )G" . Its derivative is then

�f(C, G) : R ⊕ )G" → )G", �f(C, G) = �f(C, G) |R + �f(C, G) |)G"

where �f(C, G) |)G" = � (∇ 5C ) (G) is invertible because 5C is Morse. By the implicit function
theorem, there exist neighborhoods (C−n, C+n) ⊂ � of C and* ⊂ " of G such that({ 5B})∩
(−n, n) ×* can be �: parametrized by C. (This also proves that ({ 5B}) is a submanifold
of � × " .)

Now, let C0 ∈ � and set 2 = # Crit( 5C0). Our goal is to show that {C ∈ � : # Crit( 5C ) =

2} = �. Let G1(C0), . . . , G2 (C0) be the critical points of 5C0 and G8 : (C0 − n8 , C0 + n8) → *8 be
local parametrizations of ({ 5B}) around them, as per the implicit function theorem. Let

# =

(
({ 5B}) r

2⋃
8=1

(−n8 , n8) ×*8

)2
.

This is a neighborhood of {C0} × " in � × " . As {C0} × " is compact, there exists an open
tube ) = (C0 − X, C0 + X) × " around it that is contained in # . By definition of # , for all
C ∈ (C0 − X, C0 + X), the critical points G ∈ " of 5C , i.e. points for which (C, G) ∈ ({ 5B}),
are contained in one of the neighborhoods (C0 − n8 , C0 + n8) ×*8 , where they are parametrized
as G8 (C). So, the critical points of 5C are exactly G8 (C), 8 = 1, . . . , 2, which is just as many
as at C0, so the set {C ∈ � : 5C has exactly 2 critical points} is open. On the other hand, its
complement ⋃

3∈N0:3≠2
{C ∈ � : 5C has exactly 3 critical points}

is, as the union of sets which are open by the same argument, also open, and thus it is closed.
As � is connected, we are done. �

In the proof, the obstruction to Morse functions with different numbers of critical points
having a�: Morse homotopy was that the projection ({ 5B}) → �, (C, G) ↦→ C is a submer-
sion for all�: Morse homotopies { 5B}. So, for a�: homotopy between two Morse functions
with differently many critical points, this projection will invariably fail to be submersive. As
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an example, consider the Morse functions

50, 51 : (1 → R, 50( [\]) = sin(\), 51( [\]) = sin(2\)

and the �: homotopy { 5B}, where

5C ( [\]) = (1 − C) 50( [\]) + C 51( [\]).

Its evolution space of critical points ({ 5B}) is graphed below.

We see that 50 has only two critical points, that then move smoothly as C grows. At a time
C0 ≈ 0.35, there suddenly appears (is ‘‘born’’) a third critical point G0, splitting into two
critical points right away. The four critical points that exist now continue moving smoothly
with C. What happened at (C0, G0) is called a birth bifurcation. Looking at the projection
({ 5B}) → R, (C, G) ↦→ C, while (C0, G0) is a critical point of this projection, its second
derivative is likely non-zero.

Definition 2. A �: homotopy { 5B} : � × " → R has a birth-death bifurcation at an event
(C0, G0) ∈ � × " if

(C0, G0) ∈ ({ 5B}) = {(C, G) ∈ R × " | ∇ 5C (G) = 0}

and (C0, G0) has a neighborhood * in ({ 5B}) that is a 1-dimensional submanifold of � ×
" and for which the projection * → R, (C, G) ↦→ C has first derivative zero and second
derivative non-zero at (C0, G0). In case the second derivative is positive, the bifurcation is a
birth, if it is negative, it is a death.

The main theorem of this thesis, first proved by Jean Cerf in [Cer70], says that for any
two �< Morse functions 50, 51 there exists a comeager set of �< homotopies { 5B} which

9



– by the preceding discussion – may not be Morse but are at least regular in the sense that
their only failures to be Morse are birth-death bifurcations.

Theorem 6 (Main theorem, [Cer70]). Let " be a closed smooth manifold and 50, 51 :
" → R be two �<, < = 3, 4, . . . ,∞, Morse functions. Then there exists a comeager
subset <

reg ⊂ < of �< homotopies { 5B} for which all critical points are non-degenerate
with the exception of finitely many birth-death bifurcations (C1, G1), . . . , (C# , G# ) satisfying
0 < C1 < · · · < C# < 1. At each birth-death bifurcation a pair of critical points with Morse
indices : and : + 1 (: ∈ {0, . . . , = − 1}) is either created or annihilated.

Some applications of Cerf’s theorem Theorem 6 can be used to show that for every man-
ifold "= the number

=∑
:=0

(−1):# Crit: ( 5 ) (3)

defined for a Morse function 5 : " → R, where # Crit: ( 5 ) is the number of critical points
with Morse index : of 5 , does not depend on the particular Morse function. In other words, it
is an invariant for the manifold. The idea of the proof is very simple. For all Morse functions
50 and 51 there exists a �: homotopy { 5B} ∈ <

reg. This homotopy is Morse everywhere ex-
cept for finitely many C. When it is Morse, the non-degeneracy of the critical points implies
with the implicit function theorem that the critical points G8 can be parametrized differen-
tiably by C. The index of a C-parametrized critical point is constant. At degenerate times,
there is exactly one birth-death bifurcation. There, two critical points either die or are born.
Their indices are : and : + 1, so in either case, as the sum is alternating, it will not change.

Arguably the most important application of Cerf’s theorem, and more generally Cerf
theory, is in the Kirby calculus. There it is used to prove that any two handle decomposi-
tions for a smooth closed manifold are related by finitely many cancellations of two handles,
creations of two handles, and isotopies of the attaching maps (see e.g. [Kir89]). The reason
is that every smooth handle decomposition corresponds to a Morse function. Then, given a
generic homotopy connecting the Morse functions, a birth bifurcation of { 5B} corresponds
to the creation of two handles and a death bifurcation to a handle cancellation.

2.4 The topology on the space of homotopies <

The main theorem (6) is a statement about the topological properties (comeagerness) of a
subset <

reg of the infinite-dimensional space of functions

< = {{ 5B} ∈ �<(� × ") matching 50, 51} ⊂ �<(� × ").

In order to make sense of this, it first needs to be clear what topology < is equipped with.
The topology in question is the subspace topology induced by the �< topology on �<(� ×
").

10



There are multiple ways of defining this topology, however, as � ×" is compact, one of
them is particularly useful: At first, let < < ∞. Covering � ×" by finitely many coordinate
charts q8 : *8 → +8 ⊂ R=+1, we can define for � ∈ �<(� × "),

‖�‖�< (�×" ) =
∑
8

‖� ◦ q−1
8 ‖�< (+8 ) ,

where ‖ · ‖�< (+8 ) is the usual �<-norm on �<(+8). One can show that all norms defined
this way are equivalent and make �<(� ×") a Banach space. This is, however, only a norm
when the underlying manifold is compact. In the non-compact case similar topologies can
be defined using subbases or jets. For this, see [Hir76].

We always consider �<(� × ") equipped with the �< topology and < with the sub-
space topology. Now, < is no vector space, however it is an affine space over the vector
space

<
0 := {{6B} ∈ �<(� × ") | 60 = 61 = 0}.

In particular, it is an infinite-dimensional Banach manifold as will be defined in section 3.2.
The inclusions �<(� × ") ↩→ �: (� × ") are continuous for all : ≤ < < ∞. This also

holds for < = ∞, as we endow �∞(� × ") with the topology induced by the inclusions

�∞(� × ") ↩→ �: (� × ").

Unlike in the case < < ∞, �∞(� ×") is no Banach space, and neither is ∞
0 , so ∞ is also

no Banach manifold. This will be a problem in the proof in chapter 4, where the Sard–Smale
theorem can then only be applied in the case < < ∞. We will need to extend the statements
to the smooth case by using the following lemma whose proof depends on the fact that ∞

is dense in  : for all : .

Lemma 7. For every : ∈ N0, if $: ⊂  : is open and dense in  : , then $∞ = $: ∩ ∞ is
open and dense in ∞.

Proof. For each ;, the inclusion 8; :  ; ↩→ ∞ induces the subspace topology �
; on ∞.

Observe that
�

0 ⊂ �
1 ⊂ �

2 ⊂ . . .

The topology on ∞ is defined as the smallest for which all of these inclusions are continu-
ous. This means that $: ∩∞ = 8−1

:
($:) is open in ∞. To check that it is also dense, note

that the topology on ∞ is induced by the basis  =
⋃∞

;=: �
;. To check that $∞ is dense

in ∞, it is then enough to show that $∞ intersects every basis set. Hence, let *∞ ∈ �
;,

; ≥ : . By the definition of �; there exists an open *; ⊂  ; for which *∞ = *; ∩ ∞. The
inclusion  : ↩→  ; is continuous because : ≤ ;, so $: ∩*; is open in  ;. As ∞ is dense
in  ;, it intersects every open subset of  ;, in particular $: ∩*;. Thus

$∞ ∩*∞ = ($: ∩ ∞) ∩ (*; ∩ ∞) = ∞ ∩ ($: ∩*;) ≠ ∅,
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showing that $∞ intersects every set in , and is thus dense in ∞. �

A proof of the density of �∞(� × ") in �: (� × ") can be found in [Hir76], theorem
3.3. Only little modification is needed to apply the proof to ∞ ⊂  : as well.

12



3 Differential calculus on Banach spaces, Banach manifolds and
the Sard–Smale theorem

This chapter introduces concepts of differentiability for maps between Banach spaces and
Banach manifolds. The chapter follows [Lan93] and [Lan01] closely. The last section is
concerned with the Sard–Smale theorem, our number one tool in proving that something is
comeager.

3.1 Differentiable maps between Banach spaces

In typical analysis courses the concepts of differentiability and derivative are only defined for
functions between finite-dimensional real or complex vector spaces. However the definition
of total derivative, that is, the derivative as a linear map approximating the function near a
point, can be extended to infinite-dimensional Banach spaces without much effort. Recall
that a Banach space is a complete normed vector space over the field of the real or complex
numbers. In this thesis we will disregard the complex case, the field of scalars will always
be R.

Throughout this section, �, � and � will be Banach spaces. The set of bounded (con-
tinuous) linear maps � → � will be denoted ! (�, �). Equipped with the operator norm, it
is itself a Banach space.

Definition 3. Let * be an open subset of � . A map 5 : * → � is differentiable at a point
G0 ∈ * if there exists a bounded linear map � 5 (G0) : � → � such that

lim
E→0

5 (G0 + E) − 5 (G0) − � 5 (G0)E
‖E‖ = 0.

Then � 5 (G0) is called the derivative of 5 at G0. A differentiable map 5 : * → � is a map
which is differentiable at every point in *.

Because many Banach manifolds we encounter in the proof have boundary it is also nec-
essary to introduce Banach half-spaces: A Banach half-space in � is a set �+

_
= _−1 [0,∞)

where _ : � → R is a non-zero bounded linear functional. Differentiable maps can also be
defined between half-spaces:

Definition 4. Let * be an open subset of a half-space �+. A map 5 : * → � to a Banach
space is differentiable if, for every G ∈ *, there exist an open neighborhood # of G in the
full Banach space � and a differentiable map

6 : # → �

such that 5 and 6 coincide on*∩# . The derivative of 5 at G is then defined as the derivative
of 6 at G

� 5 (G) := �6(G) ∈ ! (�, �).
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This definition of the derivative is independent of the choice of extension 6. Note that
the derivative � 5 (G) is itself an element of a Banach space ! (�, �). Thus, for differentiable
5 , consider the map

� 5 : * → ! (�, �), G ↦→ � 5 (G).

If � 5 is continuous, 5 is said to be continuously differentiable. Of course, � 5 might itself
be differentiable. Its derivative is then a map

�2 5 : * → ! (�, ! (�, �)),

the second derivative of 5 . Higher order derivatives are defined inductively by �: 5 =

� (�:−1 5 ). A map 5 : * → � for which the derivatives � 5 , �2 5 , . . . , �:−1 5 , �: 5 all
exist and are continuous is said to be : times continuously differentiable, and the set of these
maps is denoted by�: (*, �). Observe that the space ! (�, ! (�, �)) is naturally isomorphic
to the space of bilinear maps � × � → �, so the second derivative �2 5 (G0) may also be
regarded an element of this space, !2(�, �). Analogously, one can consider �: 5 to take its
values in !: (�, �) the Banach space of :-linear maps � × · · · × � → �.

Conveniently, most of the usual properties of derivatives between finite-dimensional
spaces also hold true with Banach spaces. In particular, for �: maps 5 : � ⊃ + → �

and 6 : � ⊃ * → �, the composition 5 ◦ 6 : * → � is also of class �: and satisfies the
chain rule

� ( 5 ◦ 6) (G) = � 5 (6(G)) ◦ �6(G) ∈ ! (�, �).

From this one immediately deduces that (�:) diffeomorphisms, i.e. bijective differentiable
(�:) functions * → + with differentiable (�:) inverse, have as derivatives Banach space
isomorphisms.

3.2 Banach manifolds

Using the differential calculus on Banach spaces we can now define – potentially infinite-
dimensional – Banach manifolds, manifolds modeled on Banach spaces instead of R=. The
proof of the main theorem (6) will make heavy use of infinite-dimensional manifolds, in
particular the affine space of all < = {{ 5B} ∈ �<(� × ") | { 5B} matches 50 and 51} of all
homotopies between 50 and 51, and the universal space of critical points

(<) := {(C, G, { 5B}) ∈ � × " × < | ∇ 5C (G) = 0},

the ‘‘disjoint union’’ of all the evolution spaces ({ 5B}) of critical points. This section
introduces some basic definitions. They are all analogous to those from finite-dimensional
differential geometry.

The first definitions are those of the �: atlas, a set of coordinate charts for a space, and
of the �: manifold. As before, a half-space of a Banach space � is a set �+ = _−1 [0,∞)
where _ : � → R is a non-zero bounded linear functional.
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Definition 5. Let - be a topological space and �+ be a Banach half-space. An atlas of class
�: , on - , : ≥ 0, is a cover of - by charts qU : *U → �+, U ∈ �, with �: overlap. This is
to say that

1. each *U is an open subset of - and
⋃

U∈�*U = - ,

2. each map qU : *U → �+ is a homeomorphism onto an open subset qU (*U) of the
half-space,

3. for all U, V ∈ � the transition map qV ◦ q−1
U : qU (*U ∩ *V) → qV (*U ∩ *V) is of

class �: as a map between open subsets of the half-space.

Definition 6. A �: Banach manifold modeled on � is a topological space - together with
a �: structure. A �: structure is an equivalence class of �: atlases on - , where atlases
{qU : *U → �+}U∈� and {kV : *V → �+}V∈� are equivalent if all their charts are
compatible, meaning that, for all U ∈ � and V ∈ �, the transition map

kV ◦ q−1
U : qU (*U ∩*V) → kV (*U ∩*V)

is of class �: as a map between open subset of Banach half-spaces.

Of course, finite-dimensional manifolds are also Banach manifolds in this sense, mod-
eled on the Banach space R=. An open subset of a Banach manifold is obviously itself a
Banach manifold modeled on the same space, and so are products -1 × -2 of Banach mani-
folds, then modeled on the direct sum �1 ⊕ �2 of the model spaces.

Submanifolds are defined as in the finite-dimensional case, by means of slice charts:

Definition 7. Let - be a �: Banach manifold where : ≥ 0. A subset . ⊂ - for which
each point H ∈ . has an open neighborhood * such that there exists a �:-diffeomorphism
i : * → +1 × +2, where +1 is an open subset of a Banach half-space �+

1 and, if H ∈ m- , +2

is an open subset of �+
2 , and if H ∉ m- , +2 is an open subset of �2, satisfying

i(G) ∈ +1 × {0} ⇐⇒ G ∈ .

is called a �: submanifold of - . Its codimension is defined to be codim. = dim �2.

If +2 ⊂ �+
2 , then the definition of differentiability has to be extended to products of

Banach half-spaces, just like it has been extended from full spaces to half-spaces.
Every submanifold inherits a �: structure from its ambient manifold, making it a mani-

fold in its own right, modeled on the Banach half-space �+
1 .

Differentiable maps are also defined as for finite-dimensional manifolds:

Definition 8. A map 5 : - → . between Banach manifolds modeled on � and � is �: if
for all charts q : * → � and all charts k : + → � the map

k ◦ 5 ◦ q−1 : q(* ∩+) → �
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is of class �: .

For differentiable Banach manifolds, tangent vectors at a point G ∈ - can be defined
as equivalence classes of tuples (q, E) where q : *q → �+ is a chart at G and E ∈ � is
a vector. Two such tuples (q, E) and (k, F) are equivalent, if � (q ◦ k−1) (q(G))E = F.
The tangent space to G, )G- is then the set of all tangent vectors to G. Each chart q then
determines the structure of a vector space on )G- by declaring � → )G-, E ↦→ [(q, E)] an
isomorphism. As the transition maps q◦k−1 are diffeomorphisms and thus their derivatives
at G isomorphisms of � , this structure is independent of the choice of chart.

For a differentiable map 5 : - → . between Banach manifolds, its tangent map at G is
the linear map )G 5 : )G- → ) 5 (G ). defined by

)G 5 ( [q, E]) = [k, � (k ◦ 5 ◦ q−1) (G)E],

where q is a chart around G and k is a chart around 5 (G).
We’ll also frequently make use of vector bundles, vector spaces at each point of the

manifold that vary differentiably with the point. The definition is not very different from the
one for finite-dimensional manifolds. The most important example of a vector bundle is the
tangent bundle )- =

⊔
G∈- )G- of a Banach manifold - . The tangent map ) 5 : )- → ).

of a �: map 5 : - → . , defined by ) 5 (G, E) = ( 5 (G), )G 5 (E)) for (G, E) ∈ )- , is itself a
map of class �:−1 between Banach manifolds.

Definition 9. Let - be a �: Banach manifold. A �: vector bundle over - is a �: Banach
manifold + together with a �: projection ? : + → - such that for all G ∈ -

+G := ?−1(G)

is equipped with the structure of a Banach space, and a set of compatible local trivializations
whose domains cover - . Compatible local trivializations over open *1, *2 ⊂ - are �:-
diffeomorphisms

g8 : ?−1(*8) → *8 ×+0, 8 = 1, 2,

where +0 is a Banach space, such that

1. for the projection c*8
: *8 ×+0 → *8 it holds that c2 ◦ g = ?,

2. at every G ∈ *8 , c+0 ◦ g |?−1 (G ) is a Banach space isomorphism +G → +0,

3. the map *1 ∩*2 → ! (+0, +0), G ↦→ g2 ◦ g−1
1 (G, ·) is �: .

Just like finite-dimensional manifolds in section 2.1, differentiable sections of vector
bundles over Banach spaces have a unique natural linearization at each critical point which
is identical to the tangent map in any trivialization.

Finally, it should be mentioned that the Banach manifolds that occur in this thesis, <

and various submanifolds of � ×" ×<, 3 ≤ < < ∞, will all be second-countable. This is
important for applying the Sard–Smale theorem.
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3.3 Inverse and implicit function theorems for Banach spaces

These theorems’ finite-dimensional versions are introduced in typical analysis lectures and
can be generalized to Banach manifolds. The inverse function theorem says that if the deriva-
tive of a map is surjective, then the map is a diffeomorphism locally. A proof can be found
in [Lan93], pp. 361–363.

Theorem 8 (Inverse function theorem). Let � and � be Banach spaces and 5 : * → � a�: ,
: ≥ 1, function on an open subset * of � . If, at some G ∈ � , its derivative � 5 (G) : � → �

is a Banach space isomorphism, then there exist open neighborhoods * of G and + of 5 (G)
such that 5 |* : * → + is a �:-diffeomorphism.

The implicit function theorem for Banach spaces is used throughout chapter 4. Its proof,
which is not discussed here but can be found in [Lan93], pp. 364–365, builds upon the
inverse function theorem.

Theorem 9 (Implicit function theorem). Let * and + be open subsets of Banach spaces �
and � respectively. If for a �: map 5 : * ×+ → �

� 5 (G0, H0) |� ∈ ! (�, �)

is an isomorphism at a zero 5 (G0, H0) = 0, then there exist open neighborhoods*0 of G0 and
+0 of H0 and a �: function 6 : *0 → +0 satisfying for (G, H) ∈ *0 ×+0 that

5 (G, H) = 0 ⇐⇒ H = 6(G).

Throughout the proof in chapter 4 we will often need to show that certain spaces are
(Banach) manifolds. This will most often be done by defining a finite-rank vector bundle
+ → - over some ambient Banach manifold - such that the set in question is exactly the
zero set of a �: section f of + . Then the following version of the implicit function theorem
can prove that f−1(0) is a submanifold of -:

Corollary 10. Let - be a Banach manifold (with boundary) modeled on the Banach space
� . Let c : + → - be a finite-rank vector bundle and f : - → + be a �:-smooth section.
Suppose that the zero set / := f−1(0) satisfies that for each point I ∈ / the natural lin-
earization �f(I) : )I- → +I is surjective. Then / is a�: submanifold of - . Furthermore,
its tangent space at I is

)I/ = ker �f(I)

and its codimension is codim / = rk+ .

Proof. As the submanifold property is local it suffices to prove this for the special case where
- is an open subset of � . Then we may also assume that+ → - is trivial, replacing the pull-
back bundle+ by a vector space+ and the section f by a�: function f : - → + . We know
that the natural linearization of a vector bundle section is the same as the ordinary derivative
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of the corresponding function in a trivialization, so we know that the derivative �f(I0) :
� → + is surjective for I0 ∈ / = f−1(0). Then �f(I0) descends to an isomorphism
�/�1 � + where �1 = ker �f(I0). As + is finite-dimensional, �1 has finite codimension.
Because, as the kernel of a continuous map, �1 is also closed, it is complemented by some
subspace �2 ⊂ � . From now on we regard � as the sum �1 ⊕ �2, denoting vectors as pairs
(G, H). Then

�f(G0, H0) |�2 : �2 → +

is an isomorphism, so the implicit function theorem can be applied to find open neighbor-
hoods *0 3 G0, +0 3 H0 and a �: map 6 : *0 → +0 that satisfies

∀(G, H) ∈ *0 ×+0 : 5 (G, H) = 0 ⇐⇒ H = 6(G).

Out of this map we can construct the slice chart

q : *0 ×+0 → �1 ⊕ �2, q(G, H) =
(

G

H − 6(G)

)
.

In matrix form (where the 8 9-th entry is a linear map � 9 → �8), its derivative is

�q(G0, H0) =
(

�
�G

G �
�H

G

�
�G

(H − 6(G)) �
�H

(H − 6(G))

)
=

(
Id�1 0

− �
�G

6(G) Id�2

)
which is clearly an isomorphism, hence, by the inverse function theorem, q is a�:-diffeomorphism.
Now observe that for (G, H) ∈ *0 ×+0

q(G, H) ∈ �1 × {0} ⇐⇒ H = 6(G) ⇐⇒ (G, H) ∈ /,

which proves that / is a �:-submanifold. Its codimension must be codim / = dim �2 =

dim+ and its tangent space is

)(G0,H0 )/ = �q(G0, H0)−1(�1 ⊕ {0}).

If for (E, F) ∈ �1 ⊕ �2, �q(G0, H0) (E + F) ∈ �1 ⊕ {0}, then it is clear from the matrix
representation above that �6(G0)E = F. Now, applying the chain rule with the function
(id�1 , 6) : �1 → �1 × �2, G ↦→ (G, 6(G)) which satisfies f ◦ (id�1 , 6) = 0, we get

�f(G0, H0)
(
E

F

)
= �f(G0, H0)� (id�1 , 6) (G0)E

= � (f ◦ (id |�1 , 6))E = 0,

meaning that )(G0,H0 )/ ⊂ ker �f(G0, H0). As codim)(G0,H0 )/ = codim ker �f(G0, H0) <

∞, it follows that these are actually identical. �
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3.4 Sard’s theorem for Banach manifolds

Theorem 6 is a genericity result. It proposes that homotopies { 5B} ∈ < with certain desir-
able properties are typical in a sense. Concretely, in chapter 4 the set of these homotopies
will be proved comeager in <. This will be accomplished by (repeatedly) applying the
Sard–Smale theorem, a generalization of Sard’s theorem to Banach manifolds. This section
introduces concepts of genericity from general topology and the Sard–Smale theorem.

Definition 10. • A subset . of a topological space - is said to be nowhere dense if its
closure has empty interior.

• The subset . is meager if it is the union of countably many nowhere dense sets.

• A comeager subset of - is the complement to a subset, or equivalently, it contains the
intersection of countably many open and dense sets.

Sard’s theorem says that for certain functions 5 : R= → R< the critical values form
a set of measure zero. Specifically the theorem is concerned with �: functions for which
the regularity : is greater than = − < and 0. Smale’s generalization of Sard’s theorem is a
similar statement about maps between Banach manifolds. However, these may be infinite-
dimensional, in which case = − < will no longer be well-defined. Conveniently,

= − < = dim ker ! + dim im ! − < = dim ker ! − dim coker !

holds for all linear ! : R= → R< and dim ker ! − dim coker ! can be a well-defined ex-
pression even when ! is a map between infinite-dimensional Banach spaces. This Fredholm
index replaces = − < in the Sard–Smale theorem.

Definition 11. A Fredholm map is a differentiable function 5 : - → . between two Banach
manifolds whose tangent map )G 5 at each point is a Fredholm operator between the Banach
spaces )G- and ) 5 (G ). , which is to say that ker)G 5 and coker)G 5 are finite-dimensional.
The index of 5 at G is then defined

indG 5 := ind)G 5 := dim ker)G 5 − dim coker)G 5 ∈ Z.

If the manifold - is connected, the index is independent of G. Now we can give the state-
ment of the Sard–Smale theorem. It was first proved in 1965 by Stephen Smale ([Sma65]).

Theorem 11 (Sard–Smale theorem, [Sma65]). Let - and . be second-countable Banach
manifolds. Let 5 : - → . be a �: Fredholm map with : > max(ind 5 , 0). Then the set of
regular values of 5 is comeager in . .

In chapter 4, the theorem will be applied to the projection

c : (<) → <
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after the universal space of critical points (<) = {C, G, { 5B}) ∈ � × " × < | ∇ 5C (G) =
0} has been proven a Banach manifold. The set of regular values of c is thus comeager.
The Sard–Smale theorem will be applied to other such projections more often, each time
producing a new comeager subset of <. Taking the intersection of all these sets – which is
also comeager – we then obtain the set <

reg that the main theorem 6 proposes exists.
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4 Proof of the main theorem

4.1 Overview

Throughout this chapter, " will be a closed smooth =-dimensional manifold equipped with
a Riemannian metric. 50 and 51 will be �< Morse functions. Our objective is to prove
theorem 6, the main theorem of this thesis. Let us first recall its statement:

Theorem 6 (Main theorem, [Cer70]). Let " be a closed smooth manifold and 50, 51 :
" → R be two �<, < = 3, 4, . . . ,∞, Morse functions. Then there exists a comeager
subset <

reg ⊂ < of �< homotopies { 5B} for which all critical points are non-degenerate
with the exception of finitely many birth-death bifurcations (C1, G1), . . . , (C# , G# ) satisfying
0 < C1 < · · · < C# < 1. At each birth-death bifurcation a pair of critical points with Morse
indices : and : + 1 (: ∈ {0, . . . , = − 1}) is either created or annihilated.

For convenience, we list the main spaces that will be used in the proof.

• The space < of �<-smooth homotopies between 50 and 51,

< := {{ℎB} ∈ �<( [0, 1] × ") | ℎ0 = 50 and ℎ1 = 51} .

For < < ∞ this is a Banach manifold as it is an affine space over the Banach space

<
0 := {{6B} ∈ �<(� × ") | 60 = 61 = 0}.

• For homotopies { 5B} ∈ < the evolution space

({ 5B}) = {(C, G) ∈ � × " : ∇ 5C (G) = 0}

of critical points and

({ 5B}; :) = {(C, G) ∈ � × " : ∇ 5C (G) = 0},

the space of critical points of of degeneracy dim ker � (∇ 5C ) (G) = : .

• The ‘‘universal spaces’’ of critical points (of degeneracy dim ker � (∇ 5C ) (G) = :), i.e.
the spaces of all critical points (of index :) for all homotopies:

(<) = {(C, G, { 5B}) ∈ � × " × < : ∇ 5C (G) = 0},
(<; :) = {(C, G, { 5B} ∈ (<) | dim ker � (∇ 5C ) (G) = :}.

The proof will happen in multiple steps, each contained in one section of the chapter:
First, in lemmas 12 and 13, we will prove that (<) and (<; :) are �<−1 and

respectively �<−2 Banach submanifolds of � × " × <.
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In the proof of proposition 16 the Sard–Smale theorem will be applied to the total spaces
(<) and (<; :), finding that their sets of regular values are comeager in the space
of homotopies <. It follows then that for such regular values { 5B} ∈ <, the evolution
space of critical points, ({ 5B}), forms a 1-dimensional submanifold of spacetime � × " .
Similarly, ({ 5B}; 1) is a 0-dimensional submanifold, i.e. a finite set, and ({ 5B}; :) is
empty for : ≥ 2, so the only failures of generic homotopies to be Morse at all times are in
({ 5B}; 1). ({ 5B}; 1) being 0-dimensional means, as � × " is compact, that there are
only finitely many points in this space and hence also only finitely many times at which { 5B}
fails to be Morse.

One can restrict the set of regular values { 5B} more such that it remains comeager but
additionally the events in ({ 5B}; 1) (G is a degenerate point of � (∇ 5C ) (G)) occur at dif-
ferent times, i.e. at any time C there is at most one point that keeps 5C from being Morse.
We will later deduce from this that there are never more than one birth-death bifurcations at
the same time. This proposition (16) is again proved by showing some universal space is a
Banach manifold and applying the Sard–Smale theorem to its projection onto <.

The last two sections, 4.5 and 4.6, connect everything to the birth-death bifurcations
introduced in section 2.3: First, in proposition 21 we prove that events in ({ 5B}; 1) are
exactly birth-death bifurcations. And last, we prove in proposition 22 that the two born or
dying critical points at this birth-death bifurcation have Morse indices : and : + 1 for some
: = 0, . . . , = − 1.

4.2 The Banach manifolds (<) and (<; :)

Lemma 12. For all 2 ≤ < < ∞, the space

(<) := {(C, G, { 5B}) ∈ � × " × < | ∇ 5C (G) = 0}

is a codimension-=, �<−1 Banach submanifold of � × " × <.

The proof of this lemma is simply an application of the implicit function theorem for
Banach spaces. Note that we restricted to the case < < ∞. This is necessary because <

0 is
not a Banach space for < = ∞, so � × " × < is not a Banach manifold.

Proof. As a product of Banach manifolds (one with boundary, two without), � ×" ×< is
a Banach manifold with tangent space

)(C ,G,{ 5B }) (� × " × <) � R ⊕ )G" ⊕ <
0 .

We pull back )" → " by the projection � × " × < → " to obtain a vector bundle
� → � × " × < with fibers � (C ,G,{ 5B }) = )G" of rank =. Then (<) is precisely the
zero set f−1(0) of the �<−1-smooth section

f : � × " × < → �, (C, G, { 5B}) ↦→ ∇ 5C (G).
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One now only needs to show that the linearization �f is surjective at any point in f−1(0),
then the implicit function theorem (version 10) implies that (<) is a submanifold of
smoothness �<−1 and codimension =.

To this end, let (C0, G0, { 5 0
B }) ∈ f−1(0). As 50 and 51 are Morse, for C0 = 0 and C0 = 1,

the Hessian � (∇ 5C0) (G) : )G0" → )G0" is invertible. It is a restriction of the natural
linearization �f(C0, G0, { 5 0

B }) : R ⊕ )G0" → )G0" , so this linearization is also surjective.
Thus, we may now assume that 0 ≠ C0 ≠ 1. Let E ∈ )G" be arbitrary. By choosing
coordinates around G0 in which we define 6(G) = E · G and extending 6 to the rest of " (for
example by multiplying with a smooth bump function that is 1 in a neighborhood of G0 and
supported in the coordinate chart) we find a function

6 ∈ �<(") with ∇6(G0) = E.

Let 1 : [0, 1] → [0, 1] be a smooth bump function with 1(0) = 1(1) = 0 and 1(C0) = 1.
Set 6B (G) := 1(B)6(G). Then {6B} ∈ <

0 and consequently A ↦→ (C0, G0, { 5 0
B } + A{6B}) ∈

� × " × < is a smooth path. Clearly,

3

3A

���
A=0

f(G0, C0, { 5 0
B + A6B}) =

3

3A

���
A=0

∇( 5 0
C + A6C ) (G) = ∇6C (G) = E

which shows that the linearization �f(C0, G0, { 5 0
B }) is surjective. �

The next lemma illuminates the structure of (<): It shows that (<) can be
partitioned into disjoint spaces (<; :), : = 0, . . . , =, each a submanifold of it. For
: > 0, elements (C, G, { 5B}) ∈ (<; :) have that G is a degenerate critical point of 5C ,
meaning that 5C is not Morse. The positive codimension of (<; :) shows that such
degenerate elements are unusual in (<).

Lemma 13. For each : = 1, 2, 3, . . . , the space

(<; :) := {(C, G, { 5B}) ∈ (<) | dim ker � (∇ 5C ) (G) = :}

is a Banach submanifold of (<) of smoothness �<−1. Its codimension is : (:+1)
2 .

The subsequent proof will use a lemma that shows that the spaces of linear maps of the
same rank are submanifolds of ! (+,,) for + and , finite-dimensional. To prepare, let +
and, be finite-dimensional real vector spaces and � ∈ ! (+,,) a linear map between them.
Setting

+2 := ker � and ,1 := im �

we can define splittings of + and , : + = +1 ⊕ +2, , = ,1 ⊕,2. In these splittings � can
be written in matrix form(

�11 0
0 0

)
, �11 ∈ ! (+1,,1) an isomorphism.
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As the map c : ! (+,,) → ! (+1,,1), defined in matrix form by

c :

(
�11 �12

�21 �22

)
↦→ �11, where �8 9 ∈ ! (+ 9 ,,8),

is continuous and the set of isomorphisms +1 → ,1 is open in ! (+1,,1), there exists a
neighborhood* ⊂ ! (+,,) of � such that, with respect to the splittings, all � ∈ * have the
matrix form (

�11 �12

�21 �22

)
, �8 9 ∈ ! (+ 9 ,,8),

with �11 bijective. In particular, � has a neighborhood of linear maps � which all have
rk � ≥ rk �.

Lemma 14. The map

Φ : * → ! (+2,,2), � ↦→ �22 − �21�
−1
11 �12

satisfies ker � � kerΦ(�) and coker � � cokerΦ(�). From this it follows that

dim ker � = dim ker � ⇐⇒ Φ(�) = 0 ⇐⇒ dim coker � = dim coker �.

Proof. + being the direct sum of +1 and +2 means that for any E ∈ + there is a unique
decomposition E = E1 + E2 with E1 ∈ +1 and E2 ∈ +2. We will prove that the projection
c2 : E ↦→ E2 defines an isomorphism ker � � kerΦ(�). Suppose E ∈ ker �. Then

0 = �E = (�11E1 + �12E2) + (�21E1 + �22E2)

from which we deduce

�12E2 = −�11E1 and �22E2 = −�21E1. (4)

It follows that E2 ∈ kerΦ(�):

Φ(�)E2 = �22E2 − �21�
−1
11 �12E2 = −�21E1 + �21�

−1
11 �11E1 = 0

Injectivity: c2(E) = 0 just means E2 = 0. Equation 4 implies that

−�11E1 = �12E2 = �120 = 0.

It follows from the invertibility of �11 that E1 = 0, whence the projection c2 |ker � is injective.
To see that c2 |ker � : ker � → kerΦ(�) is surjective, suppose E2 ∈ kerΦ(�) ⊂ +2. Then set

E1 := −�−1
11 �12E2 ∈ +1, E := E1 + E2
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and notice that �E = −�21�
−1
11 �12E2 + �22E2 = Φ(E2) = 0. Thus the projection + → +2

defines an isomorphism ker � � kerΦ(�). By the rank-nullity theorem the isomorphism
coker � � cokerΦ(�) holds as well:

dim coker � = dim, − dim im �

= dim, − dim+ + dim ker �

= dim, − dim im � − dim ker � + dim kerΦ(�)
= (dim, − dim,1) − (dim+2 − dim kerΦ(�))
= dim,2 − dim imΦ(�).

It then follows that

dim ker � = dim ker � ⇐⇒ dim kerΦ(�) = dim ker � ⇐⇒ Φ(�) = 0

as ker � is the domain of Φ(�). By the rank-nullity theorem, this is clearly also equivalent
to dim coker � = dim coker �. �

Remark 15. In this thesis, + will usually be the tangent space to the Riemannian manifold
" , which is an inner product space. � will usually be the Hessian of a function, a symmetric
endomorphism. In this case, Φ can be defined instead on an open neighborhood * of �

in the (smaller) space of symmetric endomorphisms Endsym(+). Then you also have that
+2 = ker � and,1 = im � are orthogonal which means that we can do the above construction
with identical splittings

+ = +1 ⊕ +2 = im � ⊕ ker �, , = ,1 ⊕,2 = im � ⊕ ker �,

meaning that Φ takes its values in ! (+2,,2) = End(ker �). Observe that, when in an
orthonormal basis, � is represented by a symmetric matrix and thus

(Φ(�))) = (�22 − �21�
−1
11 �12)) = �)

22 − �)
12�

−)
11 �)

21 = �22 − �21�11�12 = Φ(�),

i.e. Φ(�) is also symmetric for all � ∈ *. Thus Φ is, in fact, a map

Φ : Endsym(+) ⊃ * → Endsym(ker �)

still satisfying that dim ker � = dim ker � ⇐⇒ Φ(�) = 0.

Using all this, we can now prove lemma 13.

Proof. Just like for lemma 12, the proof is an application of the implicit function theo-
rem. Let (C0, G0, { 5B}0) ∈ (<; :). This time, pull back the endomorphism bundle

25



End()") → " by the projection (<) → " will be denoted � . Define the section

� : (<) → �, �(C, G, { 5B}) := � (∇ 5C ) (G) ∈ End()G").

As � (∇ 5C ) (G) is a Hessian at a critical point, it is symmetric and hence we may consider
� with fibers Endsym()G") instead of End()G"). Trivializing � in a neighborhood  ⊂
(<) of (C0, G0, { 5B}0) allows us to identify � with a map

� :  → Endsym()G0").

By remark 15, there is a neighborhood * ⊂ Endsym()G0") of �(C0, G0, { 5B}0) and a map
Φ : * → Endsym(ker �(C0, G0, { 5B}0)) satisfying dim ker � = : if and only if Φ(�) = 0.
Thus

Φ ◦ � : (<) ⊃  → Endsym(ker �(C0, G0, { 5B}0)

satisfies

(C, G, { 5B}) ∈ (<; :) ⇐⇒ dim ker � (∇ 5C ) (G) = : ⇐⇒ Φ ◦ �(C, G, { 5B}) = 0.

To apply the implicit function theorem we need to check that 0 is a regular value of Φ ◦ �.
Recall the definition of Φ: Φ(�) = �22 − �21�

−1
11 �12 Because Φ is linear in �22, it is a

submersion. By the chain rule, it is enough now to verify that the derivative of � :  →
Endsym()G0") is surjective. To this end, let � ∈ Endsym()G0") be arbitrary. We’ll want to
find a differentiable path

(−n, n) → (<), A ↦→ (C (A), G(A), { 5B}(A))

such that (C (0), G(0), { 5B}(0)) = (C0, G0, { 5B}0) and

3

3A

���
A=0

�(C (A), G(A), { 5B}(A)) = �. (5)

Choose normal coordinates around G0. These induce a basis of )G0" and the endomorphism
� can be regarded a symmetric matrix in this basis. Then define

6(G) :=
1
2
(G − G0) · � (G − G0).

for all G in the chart and extend this map to the rest of " . The purpose of this definition is
that ∇6(G0) = 0 and � (∇6) (G0) = �. As the function 50 is Morse, all of its critical points
satisfy dim ker � (∇ 50) = 0. The same holds for 51. From this we deduce that 0 < C0 < 1.
Then 6 can be used to define a smooth homotopy

6B (G) := 1(B)6(G), B ∈ �, G ∈ "
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where 1 : � → R is some smooth bump function with 1(C0) = 1 and 1(0) = 1(1) = 0. Now
we construct a path that satisfies 5. The time and space functions will be constant: C (A) = C0,
G(A) = G0. Meanwhile, the homotopy { 5B} will vary by

{ 5B}(A) := { 5B}0 + A{6B}.

First, we must check that the path (C, G, { 5B}) really takes its values in (<):

∇( 5C (A ) (A)) (G(A)) = ∇( 5C0 (0)) (G0) + A∇6C0 (G0) = 0 + A0 = 0

verifies this. Then, checking 5,

3

3A

���
A=0

� (∇( 5C (A ) (A))) (G(A)) =
3

3A

���
A=0

� (∇( 5C0 (0))) (G0) + A� (∇6C0) (G0) = 0 + �,

which, as � ∈ Endsym()G0") was arbitrary, proves that the derivative of � is surjective and
hence that 0 is a regular value of Φ ◦ �.

Then we can apply the implicit function theorem to find that (<; :) ∩  is a sub-
manifold of . As the kernel of �(C0, G0, { 5B}0) has dimension : , the codimension is

codim{Φ ◦ � = 0} = dim Endsym(ker �(C0, G0, { 5B}0)) =
: (: + 1)

2
.

Because (C0, G0, { 5B}0) ∈ (<; :) was arbitrary, this proves lemma 13. �

4.3 ({ 5B}) and ({ 5B}; 1)

Now that we proved that the ‘‘universal’’ spaces (<) and (<; :) are �<−1 mani-
folds, we can use this to show that for generic homotopies { 5B} ∈ < the evolution space of
critical points ({ 5B}) is a one-dimensional submanifold, and that ({ 5B}; 1), the space
of those critical points where the homotopy fails to be Morse, is a zero-dimensional mani-
fold, i.e. a finite set. All other ({ 5B}; :), : ≥ 2, will be empty, so the only degeneracies
keeping { 5B} from being Morse are those in ({ 5B}; 1).

Proposition 16. For all 3 ≤ < ≤ ∞ there exists an open and dense set <
reg ⊂ < such that

for all { 5B} ∈ <
reg the spaces ({ 5B}) and ({ 5B}; 1) are �<−1 submanifolds of � ×" of

dimensions 1 and 0, while for : ≥ 2, ({ 5B}; :) is empty.

The proposition’s proof will proceed in multiple steps. We first restrict to the case< < ∞
because lemmas 12 and 13 are false for < = ∞ as ∞ is no Banach manifold. The smooth
case will be recovered in the end.

1. The projection c : (<) → < will be proven a Fredholm map of index 1. This
will allow us to apply the Sard–Smale theorem to find that the regular values of c are
comeager (i.e. generic) in <.

27



2. Lemma 18 will show that for all regular values of c, the linearization �f |�×"×{{ 5B }} (C, G)
is surjective for all (C, G) ∈ ({ 5B}), hence the implicit function theorem can be ap-
plied to show that ({ 5B}) is a submanifold.

3. We show that c |(<;: ) : (<; :) → < is a Fredholm map of index 1 − : (: +
1)/2. We apply the Sard–Smale theorem again to find a comeager subset of <.

4. Using lemma 18 we show that for all { 5B} in the comeager subset, the map Φ ◦ �,
defined locally around points of (<; :) on (<) with values in R has regular
value zero and apply the implicit function theorem.

5. We prove that a set <
reg satisfying proposition 16 is open.

6. The density of ∞ in < is used to extend the theorem to the case < = ∞.

First we must prove some algebraic lemmas the proof relies on. The first lemma will be
applied to show that the projections (<) → < and (<; :) → < are Fredholm
maps.

Lemma 17. Suppose + is a finite-dimensional vector space and that � is a Banach space.
Consider the projection c : + ⊕ � → � . This is a Fredholm operator of index dim+ .
Furthermore, for every closed subspace ( ⊂ + ⊕ � of finite codimension codim ( = : , the
restriction of the projection c |( is a Fredholm operator ( → � and

ind(c |() = dim+ − codim (.

Proof. Clearly, ker c = + and thus dim ker c = dim+ < ∞. As c is surjective, it follows
that it is Fredholm. Its index is

ind c = dim ker c − codim im c = dim+.

It is a basic fact that for two Fredholm operators 5 and 6 their composition 5 ◦ 6 is also
Fredholm and has index ind( 5 ◦ 6) = ind( 5 ) + ind(6). The inclusion ] : ( ↩→ + ⊕ � is a
Fredholm operator:

dim ker ] = 0, codim im ] = codim (, ind ] = − codim (.

Observe that c |( = c ◦ ]. It is thus Fredholm with

ind c |( = ind(c ◦ ]) = ind c + ind ] = dim+ − codim (. �

The second lemma (which can be found with a simple proof in [Wen], p. 210) will be
used to deduce the surjectivity of �f from the surjectivity of )c, which will then allow us
to apply the implicit function theorem, proving that ({ 5B}) is a submanifold. It will be
applied similarly for ({ 5B}; :), : ≥ 1.
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Lemma 18. Let -1, -2 and . be vector spaces and !1 : -1 → ., !2 : -2 → . be linear
maps. Then, if ! : -1 ⊕ -2 → ., (G1, G2) ↦→ !1G1 + !2G2 is surjective, the projection
Π : ker ! → -2, (G1, G2) ↦→ G2 satisfies

kerΠ � ker !1 and cokerΠ � coker !1.

The next lemma is a consequence of the open mapping theorem from functional analysis.
The proof is omitted but may be found in [Lan93], pp. 396–397.

Lemma 19. Let � and � be Banach spaces. In the Banach space of bounded linear opera-
tors ! (�, �), the subset of surjective linear maps is open.

Now we get to the proof of proposition 16.

Proof. For now we restrict to the case 3 ≤ < < ∞. The smooth case will be recovered in
the end of the proof. Consider the projection

c : (<) → <, (C, G, { 5B}) ↦→ { 5B}.

As (<) is just a regular level set of the section f defined in the proof of lemma 12, the
tangent space to (<) is exactly the kernel of the linearization of f:

)(C ,G,{ 5B })(<) = ker �f(C, G, { 5B}) ⊂ R ⊕ )G" ⊕ <
0

Then the derivative of c is the restriction of the projection R ⊕ )G" ⊕ <
0 → <

0 to the
tangent space of(<). According to lemma 12, (<) has codimension =. As R⊕)G"
is of finite dimension =+1, we can then apply lemma 17 to find that)(C ,G,{ 5B })c is a Fredholm
operator with ind()(C ,G,{ 5B })c) = (= + 1) − = = 1 for all (C, G, { 5B}) ∈ (<). This means
that c is a Fredholm map of index 1.

From the assumption < ≥ 3, it follows that (<) is a �2 manifold and then c :
(<) → < is also �2. As 2 > 1 = max(0, ind c), we may apply the Sard–Smale
theorem (11) finding that the set of regular values of c, from now on referred to by <

reg;c ,
is comeager in <. These regular values { 5B} ∈ <

reg;c satisfy that for all (C, G) ∈ ({ 5B})
the tangent map )(C ,G,{ 5B })c is surjective. Now we apply lemma 18: The tangent space
)(C ,G,{ 5B }) (� × " × <) decomposes as the direct sum )(C ,G ) (� × ") ⊕ ){ 5B }<. The
linearization of the section f then decomposes as

! := �f(C, G, { 5B}) = �f |) (�×" ) (C, G, { 5B}) ⊕ �f |)< (C, G, { 5B}) =: !1 ⊕ !2.

In the proof of lemma 12, we showed that ! = �f(C, G, { 5B}) is surjective. Thus, we may
apply lemma 18 with !, !1 and !2 as defined above, and with

Π := )(C ,G,{ 5B })c defined on )(C ,G,{ 5B })(<) = ker �f(C, G, { 5B}) = ker !,
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the restriction of the projection onto ){ 5B }<. We obtain

coker �f |�×"×{ 5B } (C, G, { 5B}) � coker)(C ,G,{ 5B })c = 0,

so the linearization of f |�×"×{ 5B } is surjective. As ({ 5B}) is non-empty (on a closed
manifold, every function has a critical point) the implicit function theorem shows that

({ 5B}) = {f |�×"×{ 5B } = 0}

is a codimension-=, �<−1 submanifold of � × " .

Now we go on to similarly prove that for generic { 5B}, ({ 5B}; 1) is a submanifold of
({ 5B}) and ({ 5B}; :) is empty for : ≥ 2. The way it was shown in section 4.2 that
(<; :) is a manifold was by using that, locally around each (C, G, { 5B}) ∈ (<; :), it
is the regular zero set of a function

Φ� : (<) ⊃  → Endsym(ker � (∇ 5C ) (G)).

The kernel of � (∇ 5C ) (G) is :-dimensional, hence we may regardΦ� as a map with codomain
R

: (:+1)
2 . The derivative

� (Φ�) (C, G, { 5B}) : )(C ,G,{ 5B })(<) → R
: (:+1)

2

is surjective and will later on, when we apply lemma 18, play the role of ! in the lemma.

(<; :) is of codimension =+ : (:+1)
2 in �×"×<, so, by lemma 17, c: is Fredholm

with index (= + 1) − (= + : (:+1)
2 ) = 1 − : (:+1)

2 . As the Banach manifold (<; :) is at
least �1 (meaning that c: is too), we can apply the Sard–Smale theorem and find out that
the set <

reg;: of regular values of c: is comeager in <. As the intersection of countably
many comeager sets,

<
reg := <

reg;c ∩
∞⋂
:=1

<
reg;: ,

the set of all { 5B} ∈ < which are regular values for all projections c, c1, c2, . . . , is comea-
ger itself.

Now, for { 5B} ∈ <
reg, as { 5B} ∈ <

reg;c and thus({ 5B}) is a 1-dimensional submanifold
of (<), the 1-dimensional closed linear subspace -1 := )(C ,G )({ 5B}) gives rise to a
splitting

)(C ,G,{ 5B })(<) = -1 ⊕ -2,

where -2 is some complementary space. We decompose

� (Φ�) (C, G, { 5B}) = � (Φ�) (C, G, { 5B}) |-1 ⊕ � (Φ�) (C, G, { 5B}) |-2 =: !1 ⊕ !2

-1 ⊕ -2 → R
: (:+1)

2 .
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Defining the projection Π̂ : -1 ⊕ -2 → -2, we want to prove that Π = Π̂ |ker � (Φ�) is
surjective: First note that, as

)(C ,G,{ 5B })c : -1 ⊕ -2 → ){ 5B }
<

is surjective and ker)(C ,G,{ 5B })c = -1, )(C ,G,{ 5B })c |-2 : -2 → )< is an isomorphism.
Then, as )(C ,G,{ 5B })c: is also surjective and Π = )c |−1

-2
◦ )c: , Π is surjective. Lemma 18

implies
coker � (Φ�) (C, G, { 5B}) |-1 � cokerΠ = 0, (6)

meaning that � (Φ�) is surjective when restricted to -1 = )({ 5B}). The implicit function
theorem then implies that ({ 5B}; :) is a submanifold of ({ 5B}) of codimension : (:+1)

2 .

Claim. The comeager set <
reg of all { 5B} is open.

Because � (∇ 5C ) (G) is defined on the =-dimensional )G" , dim ker � (∇ 5C ) (G) can never
exceed =. Thus for all : > =, the set (<; :) is empty and then the set of regular values
of c: : (<; :) → < is all of <. Hence

<
reg = <

reg;c ∩
∞⋂
:=1

<
reg;: = <

reg ∩ <
reg;1 ∩ · · · ∩ <

reg;=. (7)

Knowing this, suppose <
reg is not open. Then there exists an { 5B} ∈ <

reg and a sequence
{ 5 =B } ∈ (<

reg)2 converging to { 5B}. By 7, each { 5 =B } lies outside one of the sets <
reg;c ,

<
reg;1, . . . ,

<
reg;=, meaning that there is a projection ?= ∈ {c, c1, . . . , c=} for which { 5 =B } is

a critical value. As this set of projections is finite, we may choose a subsequence, still called
{ 5 =B }, such that every { 5 =B } is a critical value of the same projection ? ∈ {c, c1, . . . , c=}.
Then there must exist a sequence (C=, G=) ∈ ({ 5B}=), or in case ? = c: , (C=, G=) ∈
({ 5 =B }; :) for some : = 1, . . . , =, such that )(C= ,G= ,{ 5 =B }) ? is not surjective. By compact-
ness of � × " , this sequence converges to a limit (C, G). As each (C=, G=) ∈ ({ 5 =B }), we
have in a trivialization of the pullback of )" by the projection (C, G, { 5B}) → G around
(C, G, { 5B}), that

∇ 5C (G) = lim∇ 5 =C= (G=) = 0

and thus (C, G) ∈ ({ 5B}). Now we must distinguish between the cases:
Case ? = c. We trivialize the tangent bundle)(<) → (<) around (C, G, { 5B})

and )< → < around { 5B}. This way, )c may be identified with a map (g, j, {iB}) ↦→
)(g,j,{iB })c ∈ ! ()(<), ){ 5B }<), which is, as c is �1, continuous. By lemma 19,
the set of surjective linear operators is open in ! ()(C ,G,{ 5B })(<), ){ 5B }<). Thus, as
)(C= ,G= ,{ 5 =B })c is non-surjective, so must be)(C ,G,{ 5B }) , a contradiction to { 5B} being a regular
value of c.

Case ? = c1. Choosing a trivialization of the pull-back endomorphism bundle over
� × " × < at (C, G, { 5B}), we see that � (∇ 5C ) (G) = lim � (∇ 5 =C=) (G=). Recall that every
endomorphism has a neighborhood in which all other endomorphisms have rank at least
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as large. This means that in End()G"), the subset of endomorphisms of nullity ≥ 1 is
closed. Then, as dim ker � (∇ 5C= (G=)) = 1 for all =, dim ker � (∇ 5C ) (G) ≥ 1. However, by
assumption { 5B} ∈ <

reg for all : ≥ 2, ({ 5B}; :) is empty for all those : . Thus (C, G) ∈
({ 5B}; 1). Now, )(C ,G,{ 5B })c1 is surjective but )(C= ,G= ,{ 5 =B }) , thus the same argument as in
case ? = c yields a contradiction.

Case ? = c: for some : ≥ 2. As in the case ? = c1, the set of endomorphisms of
nullity at least : being closed implies that dim ker � (∇ 5C ) (G) ≥ : , meaning that (C, G) lies
in one of the sets ({ 5B}; ;), : ≤ ; ≤ =, all of which are empty by the assumption that
{ 5B} ∈ <

reg.
We see that all cases lead to contradictions, thus <

reg is open. As it is comeager, the
Baire category theorem implies that it is also dense.

The reason we had to restrict to < < ∞ so far is that the proof relied on < being
a Banach manifold. This is not the case when < = ∞, as then the model space ∞

0 ⊂
�∞(� × ") is no Banach space. However, extending the proposition to this case is not
difficult.

Claim. Proposition 16 also holds true in the case < = ∞.

Let us set
∞

reg := 3
reg ∩ ∞

and check that this satisfies the proposition. We know then that for all { 5B} ∈ ∞
reg the spaces

({ 5B}) and({ 5B}; 1) are�2, submanifolds of the right codimensions. For∞
reg to satisfy

proposition 16, they must however be �∞ submanifolds. To see that they are, recall that
we proved for { 5B} ∈ 3

reg that �f |�×"×{ 5B } (C, G, { 5B}) and � (Φ�) |({ 5B }) (C, G, { 5B}) are
surjective. Unlike before, now that { 5B} is additionally smooth, f and Φ� are also smooth,
so applying the implicit function theorem shows that ({ 5B}) and ({ 5B}; 1) really are
submanifolds of class �∞. Of course, we already proved that ({ 5B}; :) = ∅ for : ≥ 2,
and no additional smoothness needs to be verified here.

Showing that ∞
reg is open and dense in ∞ is merely an application of lemma 7.

�

4.4 Events in ({ 5B}; 1) occur at different times

We know now that generic homotopies, that is homotopies { 5B} in the open and dense
set <

reg, are Morse at all except finitely many times. These are the times of the events in
({ 5B}; 1). The next step on the way to theorem 6 is to show that, at these degenerate times
C, there is always only one degenerate critical point G of 5C . This is not true for all { 5B} ∈ <

reg,
but we can prove that the { 5B} in <

reg for which it is true still form a comeager set in <.

Proposition 20. One may further restrict the set <
reg from proposition 16 so that it remains

comeager but additionally satisfies that events (C, G) ∈ ({ 5B}; 1), i.e. events where 5C
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fails to be Morse, occur at different times. In other words, for all { 5B} ∈ <
reg and all

(C1, G1), (C2, G2) ∈ ({ 5B}; 1) with C1 = C2 it then holds that G1 = G2.

For the first three steps, we must restrict to the case < < ∞ again. In the last step, the
smooth case is recovered.

1. First we show that

 := {(C1, G1, C2, G2, { 5B}) ∈ (� × ")2 × < | (C1, G1), (C2, G2) ∈ ({ 5B}; 1),
(C1, G1) ≠ (C2, G2)}

is a codimension-(2= + 2) submanifold of ( �̊ × ")2 × < (where �̊ = (0, 1)). The
proof is similar to those of lemmas 12 and 13 combined.

2. Next, we prove that ? :  → �2, (C1, G1, C2, G2, { 5B}) ↦→ (C1, C2) is a submersion and
thus ?−1(Δ) is a codimension-(2= + 3) submanifold of ( �̊ × ")2 × <.

3. Notice that (C1, G1, C2, G2, { 5B}) ∈ ?−1(Δ) means that C1 = C2 but G1 ≠ G2. Thus, for the
proposition to hold, { 5B} must be removed from <

reg. This tells us that the goal of the
proof is to show that, for the projection

c : ( �̊ × ")2 × < → <,

the set <
reg r c(?−1(Δ)) is comeager in <. To see this, we apply the Sard–Smale

theorem to c |?−1 (Δ) , showing that the regular values of c |?−1 (Δ) are comeager in <.
However, for dimensional reasons, c |?−1 (Δ) can have no regular points and thus all
regular values are outside c(?−1(Δ)), which must then be meager.

4. In the end, we extend to the case < = ∞.

Proof. Step 1. We show that  is a �<−2 submanifold of ( �̊ ×")2 ×< of codimension
2= + 2. Let

0 := {(C1, G1, C2, G2, { 5B}) ∈ ( �̊ × ")2 × < | (C1, G1) ≠ (C2, G2)}.

The diagonal {(C1, G1) = (C2, G2)} ⊂ ( �̊ ×")2 is closed and the projection ( �̊ ×")2 ×< →
( �̊ × ")2 continuous, hence 0 is an open submanifold of ( �̊ × ")2 × <. To see that
 ⊂ 0, observe that for all (C1, G1, C2, G2, { 5B}) ∈  the times C1 and C2 can’t be 0 or 1.
This is because, as 50 and 51 are Morse, they have no degenerate critical points and hence
there are no events (0, G) or (1, G) in ({ 5B}; 1).

The proof that  is a submanifold is similar to the proof of lemmas 12 and 13. First we
pull back the vector bundle

)" ⊕ )" → " × "
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to 0 by the projection (C1, G1, C2, G2, { 5B}) ↦→ (G1, G2) ∈ " ×" . This bundle will be called
� . Its fibers are � (C1,G1,C2,G2,{ 5B }) = )G1" ⊕ )G2" . Now define the �<−1 section

f : 0 → �, f(C1, G1, C2, G2, { 5B}) = (∇ 5C1 (G1),∇ 5C2 (G2)).

To apply the implicit function theorem, we show that at every zero the linearization of f is
surjective: For this, we use a smooth the bump function

1 : � × " → R satisfying 1(C, G) =


0 for C = 0, 1

0 in a neighborhood of (C2, G2)

1 in a neighborhood of (C1, G1).

(8)

Let (E, 0) ∈ )G1" ⊕ )G2" = � (C1,G1,C2,G2,{ 5B }) be arbitrary. As in the proof of lemma 12 one
can construct a function

6 ∈ �∞("), ∇6(G1) = E.

Extending 6 to � × " by
6B (G) := 1(B, G)6(G)

yields a homotopy {6B} ∈ <
0 with 6C2 (G2) = 0, and then

3

3A

���
A=0

f(C1, G1, C2, G2, { 5B} + A{6B}) =
3

3A

���
A=0

(A∇6C1 (G1), A∇6C2 (G2)) = (E, 0).

By exchanging the roles of (C1, G1) and (C2, G2) in the foregoing constructions one can just as
well show this for any vector (0, F), hence �f(C1, G1, C2, G2, { 5B}) is surjective. Applying
the implicit function theorem then shows that f−1(0) is a codimension-2= �<−1-smooth
submanifold of 0.

Next, pull back the vector bundle

Endsym()") ⊕ Endsym()") → " × "

tof−1(0) and, again, call it � . The fibers are � (C1,G1,C2,G2,{ 5B }) = Endsym()G1")⊕Endsym()G2").
Define the �<−2 section

� : f−1(0) → �, �(C1, G1, C2, G2, { 5B}) = (� (∇ 5C1) (G1), � (∇ 5C2) (G2)).

Around every (C1, G1, C2, G2, { 5B}) ∈ f−1(0) with dim ker � (∇ 5C1) (G1) = dim ker � (∇ 5C2) (G2) =
1, we trivialize � , thus identifying � with a locally defined function

� : f−1(0) ⊃  → Endsym()G1") ⊕ Endsym()G2").

By lemma 14, there exist neighborhoods *1 ⊂ Endsym()G1"), *2 ⊂ Endsym()G2") and
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submersions Φ1 : *1 → End(ker �(C1, G1, C2, G2, { 5B})) � R, Φ2 : *2 → R for which

(g1, j1, g2, j2, {qB}) ∈  ⇐⇒ ((Φ1,Φ2) ◦ �) (g1, j1, g2, j2, {qB}) = 0.

As in the proof of lemma 13, for every � ∈ Endsym()G1") exists a function 6 ∈ �∞(")
which satisfies

∇6(G1) = 0 and � (∇6) (G1) = �.

Multiplying with the bump function 8, 6B (G) := 1(B, C)6(G) is a homotopy {6B} ∈ <
0 with

∇6C1 (G1) = 0, � (∇6C1 (G1)) = � and ∇6C2 (G2) = 0, � (∇6C2 (G2)) = 0.

Then

3

3A

���
A=0

�(C1, G1, C2, G2, { 5B} + A{6B}) =
3

3A

���
A=0

(� (∇( 5C1 + A6C1) (G1), � (∇( 5C2 + A6C2)) (G2)))

=
3

3A

���
A=0

A (� (∇6C1) (G1), � (∇6C2) (G2)) = (�, 0).

Results (0, �) are clearly possible by exchanging (C1, G1) and (C2, G2) in the above construc-
tions. Thus, as A ↦→ (C1, G1, C2, G2, { 5B} + A{6B}) is a path through f−1(0), � has surjective
differential. Together with the fact that Φ1 and Φ2 are submersions (c.f. their definition in
lemma 14), it becomes apparent that (Φ1,Φ2) ◦ � :  → R2 is a submersion and thus
the implicit function theorem can be used to show that  ∩  is a �<−2, codimension-2
submanifold of  ⊂ f−1(0). It follows that  really is a �<−2, codimension-(2= + 2) sub-
manifold of ( �̊ × ")2 × <.

Step 2. We prove now that ? :  → �̊2, (C1, G1, C2, G2, { 5B}) ↦→ (C1, C2) is a sub-
mersion, and thus ?−1(Δ) is a codimension-(2= + 3) submanifold of ( �̊ × ")2 × <. Let
(C1(0), G1(0), C2(0), G2(0), { 5 (0)B }) ∈  be arbitrary. We must show that the derivative

)(C1 (0) ,G1 (0) ,C2 (0) ,G2 (0) ,{ 5 (0)B }) ? : R ⊕ )G1" ⊕ R ⊕ )G2" ⊕ <
0 → R ⊕ R

is surjective. We do this by finding, for the vectors (1, 0) and (0, 1) ∈ )(C1,C2 ) (� × �), paths

(C1, G1, C2, G2, { 5B}) : (−n, n) →  , A ↦→ (C1(A), G1(A), C2(A), G2(A), { 5 (A )B })

through that match the initial value (C1(0), G1(0), C2(0), G2(0), { 5 (0)B }) at A = 0. Construct
such a path by choosing a smooth bump function 1 : � × " → R that satisfies

1(C, G) =


0 for C in neighborhoods of 0 and 1

1 for (C, G) in a neighborhood of (C1(0), G1(0))

0 for (C, G) in a neighborhood of (C2(0), G2(0)).

(9)
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Then define { 5 (A )B } by
5
(A )
B (G) = 5

(0)
B−A1 (B,G ) (G).

Observe that this is defined: As 1(B, G) = 0 for B sufficiently close to 0 or 1, B − A1(B, G)
is contained in [0, 1] for all B ∈ [0, 1] and A in an interval (−n, n), so 5

(0)
B−A1 (B,G ) is defined.

Next, one defines the path C1(A) = C1(0) + A . By the definition of the bump function in 9, for
small A and for G close to G1(0), it holds that 1(C (A), G) = 1. Then, for these A and G,

5
(A )
C1 (A ) (G) = 5

(0)
C1 (A )−A1 (C1 (A ) ) (G) = 5

(0)
C1 (0) (G).

Setting G1(A) = G1(0) constant, observe that

∇( 5 (A )
C1 (A ) ) (G1(A)) = ∇( 5 (0)

C1 (0) ) (G1(0)) = 0,

dim ker � (∇ 5
(A )
C1 (A ) (G1(A))) = dim ker � (∇ 5

(0)
C1 (0) ) (G1(0)) = 1.

(10)

Equally, setting C2(A) = C2(0) and G2(A) = G2(0) constantly and using the fact that, in a
neighborhood of (C2(0), G2(0)), the bump function 1 is zero, we find

∇( 5 (A )
C2 (A ) ) (G2(A)) = ∇( 5 (0)

C2 (0) ) (G2(0)) = 0,

dim ker � (∇ 5
(A )
C2 (A ) (G2(A))) = dim ker � (∇ 5

(0)
C2 (0) ) (G2(0)) = 1.

(11)

10 and 11 together mean that (C1, G1, C2, G2, { 5B}) really is a path in  . Clearly, the derivative
along the path is

3

3A

���
A=0

?(C1(A), G1(A), C2(A), G2(A), { 5 (A )B }) =
(
¤C1(0)
¤C2(0)

)
=

(
1
0

)
.

An analogous construction, in which the roles of C1 and C2 are swapped, yields another path
(C1, G1, C2, G2, { 5B}) through  along which the derivative of ? at A = 0 is (0, 1). This then
shows that )(C1 (0) ,G1 (0) ,C2 (0) ,G2 (0) ,{ 5 (0)B }) ? is surjective, hence ? is a submersion.

We deduce that as ? is transverse to the diagonal

Δ = {(C1, C2) ∈ R × R | C1 = C2},

implying that the preimage ?−1(Δ) is a �<−2 submanifold of  . Its codimension in ( �̊ ×
")2 × < is codim + dimΔ = 2= + 3.

Step 3. We apply the Sard–Smale theorem to find that c(?−1(Δ)) is meager in <.
The projection

c : ( �̊ × ")2 × < → <, (C1, G1, C2, G2, { 5B}) ↦→ { 5B}

is clearly a Fredholm map with index dim( �̊ ×")2 = 2=+2. Lemma 17 shows that c |?−1 (Δ)
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is also Fredholm and has index

ind(c |?−1 (Δ) ) = ind(c) − codim(?−1(Δ)) = (2= + 2) − (2= + 3) = −1.

As c | ?
−1 is �<−2 and < ≥ 3, we may then apply the Sard–Smale theorem and thus find that

that the set of regular values of c |?−1 (Δ) is comeager in <.
However, as

dim ker)(C1,G1,C2,G2,{ 5B })c = 2= + 2 < codim ?−1(Δ)

for all (C1, G1, C2, G2, { 5B}) ∈ ( �̊ × ")2 × <, the restriction c |?−1 (Δ) can’t have any regular
points. This means that the set of regular values of c |?−1 (Δ) is just the complement of the
image, i.e. c(?−1(Δ))2 is comeager in <. By definition, c(?−1(Δ)) is then meager in <.
Removing a meager set from a comeager set leaves the set comeager, thus if we replace <

reg

by <
reg r c(?−1(Δ)) we are left with a comeager set of homotopies { 5B} that satisfy both

propositions 16 and 20.
Step 4. We now extend to the case < = ∞. Set ∞

reg := 3
reg ∩ ∞. We want to show

that ∞
reg is comeager in ∞. As 3

reg is comeager in 3, it contains an intersection

∞⋂
:=1

$3
: ⊂ 3

reg, where $3
: is open and dense in 3.

Then, clearly,
⋂∞

:=1($3
:
∩∞) ⊂ ∞

reg. By lemma 7, each set $3
:
∩∞ is open and dense in

∞. Thus ∞
reg is comeager. �

4.5 ({ 5B}; 1) corresponds to birth-death bifurcations

Proposition 21. For { 5C } ∈ <
reg, a point (C0, G0) ∈ ({ 5C }) is a birth-death bifurcation if

and only if it lies in ({ 5C }; 1).

Proof. For the ‘‘ =⇒ ’’ direction, let (C0, G0) ∈ � × " be a birth-death bifurcation. As
{ 5C } ∈ <

reg, ({ 5C }) is a 1-dimensional of � × " . Choose a local parametrization W :
(−n, n) → � ×*, B ↦→ W(B) = (C (B), G(B)), W(0) = (C0, G0) of ({ 5B}), where* is an open
neighborhood of G0 such that )" is trivial over *. This means that {∇ 5C } can be seen as
a function � × * → R= and is constantly zero when composed with the parametrization:
∇ 5C (B) (G(B)) = 0. Then, using that ¤C (0) = 0, as (C0, G0) is a birth-death bifurcation,

0 =
3

3B

���
B=0

∇ 5C (B) (G(B))

= )W (0) {∇ 5C }( ¤W(0)) = )(C0,G0 ) {∇ 5C }(¤C (0), ¤G(0))

=
3

3B

���
B=0

{∇ 5C }(C0 + B · 0, G0 + B · ¤G(0)) = 3

3B

���
B=0

∇ 5C0 (G0 + B · ¤G(0))

= � (∇ 5C0) (G0) ¤G(0).
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As (C, G) is a parametrization, i.e. a diffeomorphism, it has non-zero derivative. As ¤C (0) = 0,
this implies that ¤G(0) ≠ 0 so ker � (∇ 5C0) (G0) contains a non-zero vector. It follows that
dim ker � (∇ 5C0) (G0) ≥ 1, so (C0, G0) ∈ ({ 5C }; :) for some : ≥ 1. As ({ 5C }; :) = ∅ for
: ≥ 2, we obtain (C0, G0) ∈ ({ 5C }; 1).

For the other direction: Suppose (C0, G0) ∈ ({ 5B}; 1). As ({ 5B}) is a submanifold
of � × " , there exists a �2 parametrization (C, G) : (−n, n) → ({ 5B}) with (C (0), G(0)) =
(C0, G0). Now one trivializes the vector bundle � × )" → � × " around (C0, G0). This local
trivialization induces an obvious local trivialization of � ×Endsym()") → � ×" . With the
help of these trivializations, the sections ∇ 5 : � × " → � × )", (C, G) ↦→ (C,∇ 5C (G)) and
� (∇ 5 ) : � × " → � × Endsym()"), (C, G) ↦→ (C, � (∇ 5C ) (G)) can be identified with maps
taking values in the vector spaces )G0" and Endsym()G0"), respectively. Then one clearly
has ∇ 5 ◦ (C, G) ≡ 0 and thus

0 =
3

3B

���
B=0

∇ 5 (C (B), G(B)) = � (∇ 5 ) (C0, G0)
(
¤C (0)
¤G(0)

)
. (12)

Using the Sard–Smale theorem, we proved in section 4.3 that, for all (C, G) ∈ ({ 5B}), the
linear map � (∇ 5 ) (C, G) : R × )G" → )G" has full rank, i.e. nullity 1. Furthermore, as
(C0, G0) ∈ ({ 5B}; 1), the linearization � (∇ 5C0) (G0) : )G0" → )G0" also has nullity 1.
Putting these two facts together it follows that ker � (∇ 5 ) (C0, G0) ⊂ {0} ⊕ )G0" . Equation
12 implies that (¤C (0), ¤G(0)) ∈ ker � (∇ 5 ) (C0, G0), and thus we find that ¤C (0) = 0.

It remains to show that ¥C (0) ≠ 0. One has

0 =
32

3B2

���
B=0

∇ 5 (C (B), G(B)) = 3

3B

���
B=0

� (∇ 5 ) (C (B), G(B)) (¤C (B), ¤G(B))

=

( 3
3B

���
B=0

� (∇ 5 ) (C (B), G(B))
)
(¤C (0), ¤G(0)) + � (∇ 5 ) (C0, G0) (¥C (0), ¥G(0)).

If one now plugs in ¤C (0) = 0 and, to provoke a contradiction, supposes ¥C (0) = 0, then one
obtains

0 =

( 3
3B

���
B=0

� (∇ 5 ) (C (B), G(B))
)
(0, ¤G(0)) + � (∇ 5 ) (C0, G0) (0, ¥G(0))

=
3

3B

���
B=0

� (∇ 5C (B) ) (G(B)) ¤G(0) + � (∇ 5C0) (G0) ¥G(0)

= ¤�(0) ¤G(0) + �(0) ¥G(0)

where �(B) := � (∇ 5C (B) (G(B)). We will prove later that

¤�(0) (ker �(0)) ô im �(0). (13)

As ker �(0) is 1-dimensional and im �(0) is (= − 1)-dimensional, we deduce that ¤�(0) is
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injective when restricted to ker �(0). Then

0 =
3

3B

���
B=0

∇ 5 (C (B), G(B))

= � (∇ 5 ) (C0, G0) (¤C (0), ¤G(0)) = � (∇ 5 ) (C0, G0) (0, ¤G(0))
= � (∇ 5C0) (G0) ¤G(0) = �(0) ¤G(0),

which implies that ¤G(0) ∈ ker �(0). Then it follows from 13 that

¤�(0) ¤G(0) = 0 and �(0) ¥G(0) = 0. (14)

Now, as (C, G) is a parametrization, i.e. a diffeomorphism, it has non-zero derivative. As
¤C (0) = 0, this means that ¤G(0) ≠ 0. However, as ¤�(0) is injective on ker �(0), and ¤G(0) ∈
ker �(0) r {0}, it must be that ¤�(0) ¤G(0) ≠ 0, contradicting 14.

To conclude the proof we still need to check the transversality in 13: As �(0) is a Hessian
at a critical point, it is symmetric. This means that there exists an orthonormal basis {E8}=8=1
of )G0" with respect to which �(0) takes diagonal form

�(0) =
©­­­­­«
011

. . .

0=−1,=−1

0

ª®®®®®¬
.

Next we need that the matrix-valued path �(B) intersects the manifold (see lemma 14) # :=
{� ∈ R=×= | dim ker � = 1} transversely at time B = 0. To see this, recall that, locally,
# = Φ−1(0) where Φ is defined in lemma 14. Equation 6 in the proof of proposition 16 we
showed that, as { 5B} ∈ <

reg, it holds that 3
3B

��
B=0Φ(�(B)) ≠ 0. Hence

)�(0)Φ( ¤�(0)) = 3

3B

���
B=0

Φ(�(B)) ≠ 0, (15)

from which we infer that ¤�(0) ∉ ker)�(0)Φ = )�(0)# . It is easy to see that the tangent
space to # is

)�(0)# = {(18 9)8, 9=1,...,= ∈ R=×= | 1== = 0}.

In the basis {E8} every non-zero vector F in the kernel of �(0) has the form

F =

©­­­­­«
0
...

0
F=

ª®®®®®¬
, F= ∈ R r {0}.

Now, ¤�(0) ô )�(0)# , so as a matrix ¤�(0) = ( ¤08 9) the component ¤0== must be non-zero.
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It follows that ( ¤�(0)F)= = ¤0==F= ≠ 0 from which we deduce that ¤�(0)F ∉ im �(0). As
dim im �(0) = = − 1, this proves that ¤�(0) (ker �(0)) ô im �(0). �

4.6 Morse indices at birth-death bifurcations

Finally, we will prove

Proposition 22. For every { 5B} ∈ <
reg it holds that, at each birth-death bifurcation (C0, G0) ∈

({ 5B}; 1), if (C, G) : (−n, n) → ({ 5B}; 1) is a parametrization of({ 5B}) with (C (0), G(0)) =
(C0, G0), then for all B < 0 the Morse index of 5C (B) is : and it is : +1 for B > 0, or vice-versa.

In the proof, all paths B ↦→ something(B), or A ↦→ something(A), are defined on an interval
containing 0. Throughout the proof, this interval keeps getting smaller.

Proof. Let (C0, G0) ∈ ({ 5B}; 1). We start again by pulling back the bundle Endsym()") →
" by the projection � × " → ", (C, G) ↦→ G and then trivializing the pull-back bundle
around (C0, G0). For a parametrization (C (B), G(B)) ∈ ({ 5B}) with (C (0), G(0)) = (C0, G0)
the map

B ↦→ � (∇ 5C (B) ) (G(B)) ∈ Endsym()G (B)")

can be regarded as a path

� : B ↦→ �(B) ∈ Endsym()G0")

in the vector space of symmetric endomorphisms. Consider again the map Φ : * → R
defined on an open neighborhood* ⊂ Endsym()G0") of �(0), as in remark 15. We showed
in equation 15 that, as { 5B} ∈ <

reg, the derivative )�(0)Φ( ¤�(0)) is non-zero.
Consider the map

(B, _) ↦→ Φ(�(B) − _) ∈ R

which is defined for (B, _) in some neighborhood $ ⊂ R × R of (0, 0). It satisfies

m

mB

���
B=0,_=0

Φ(�(B) − _) = )�(0)Φ( ¤�(0)) ≠ 0

and then, by continuity, this is also true for other values of (B, _) in a neighborhood of (0, 0),
again denoted by $. One can thus apply the implicit function theorem to the map to obtain
that

Λ := {(B, _) ∈ $ | dim ker(�(B) − _) = 1}

is a �<−2 submanifold of R2 of codimension 1. Its tangent space at points (B, 0) is

)(B,0)Λ = ker
(
m
mB

��
_=0Φ(�(B) − _) m

m_

��
_=0Φ(�(B) − _)

)
which contains the vector (−m_ |_=0Φ(�(B) − _), mBΦ(�(B))) with second component non-
zero, making Λ transverse to the submanifold {(B, _) ∈ R × R | _ = 0}. Thus, any
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parametrization of Λ,
A ↦→ (B(A), _(A)),

satisfies ¤_(0) ≠ 0. By the definition of Λ, the parametrization satisfies

dim ker(�(B(A)) − _(A)) = 1,

i.e. _(A) is a simple eigenvalue of �(A) := �(B(A)).
Now we want to use our �<−2 eigenvalue function _ which, because _(0) = 0 and

¤_(0) ≠ 0, changes sign at A = 0, to prove that the index of �(A) changes by one at A = 0. For
each A , set

! (A) := ker(�(A) − _(A)), + (A) := im(�(A) − _(A)).

As �(A) − _(A) is symmetric, these spaces are orthogonal. At A = 0 we may choose an or-
thonormal eigenbasis basis {E1(0), . . . , E= (0)} of �(0) for )G0" such that E1(0), . . . , E: (0)
are negative eigenvectors, E:+1(0), . . . , E=−1(0) are positive eigenvectors, and E= (0) is a null
eigenvector. This means that

E1(0), . . . , E=−1(0) ∈ + (0), E= (0) ∈ ! (0).

Now we define the vectors

F8 (A) := (�(A) − _(A))E8 (0), 8 = 1, . . . , = − 1

F= (A) := E= (0).

Choosing some volume forml ∈ Λ=)∗
G0" and using that, becauseF1(0) = E1(0), . . . , F= (0) =

E= (0) are linearly independent, l(F1(0), . . . , F= (0)) ≠ 0, it follows by continuity that

l(F1(A), . . . , F= (A)) ≠ 0 for all A sufficiently close to 0.

This means that the F1(A), . . . , F= (A) are also linearly independent. Also, note that

〈F1(A), . . . , F=−1(A)〉 = im(�(A) − _(A))

asF1(A), . . . , F=−1(A) are linearly independent elements of the (=−1)-dimensional (because
dim ker(�(A)−_(A)) = 1) space im(�(A)−_(A)). Then, applying the Gram–Schmidt process
to F8 , 8 = 1, . . . , = − 1 like

E8 (A) := F8 (A) −
8−1∑
9=1

〈
E 9 (A), F8 (A)

〉〈
E 9 (A), E 9 (A)

〉 E 9 (A), 8 = 1, . . . , = − 1,

the E8 , 8 ≤ = − 1 are �<−2 pointwise orthonormal functions (−n, n) → )G0" spanning
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im(�(A) − _(A)). When one then does the same to F= (A) = E= (0),

E= (A) := F= (A) −
=−1∑
9=1

〈
E 9 (A), F= (A)

〉〈
E 9 (A), E 9 (A)

〉 E 9 (A),

the resulting function E= : (−n, n) → )G0" takes values

E= (A) ∈ im(�(A) − _(A))⊥ = ker(�(A) − _(A)).

In other words, it is a �<−1-smooth varying eigenvector of �(A) for eigenvalue _(A). The
functions E8 , 8 ≤ = − 1 may be regarded as sections of the trivial vector bundle )G0" →
(−n, n). They are an orthonormal frame of + =

⊔
A + (A), showing that the latter is a sub-

bundle. Similarly, E= shows that ! =
⊔

A ! (A) is a rank 1 vector bundle over (−n, n).
As for each A , the basis {E1(A), . . . , E= (A)} is orthonormal, the corresponding matrix of

�(A) in the basis then has diagonal entries

088 (A) = 〈E8 (A), �(A)E8 (A)〉 .

At A = 0, the diagonal entries 088 (0) are negative for 8 = 1, . . . , : and positive for 8 =

: + 1, . . . , =− 1. By continuity, this holds for all A in a neighborhood of 0. However, the last
diagonal entry is

0== (A) = 〈E8 (A), �(A)E8 (A)〉 = 〈E8 (A), _(A)E8 (A)〉 = _(A).

As _(0) = 0 and ¤_(0) ≠ 0, 0== (A) then changes sign at A = 0. By Sylvester’s law of inertia
the number of negative diagonal entries is exactly the index of �(A). This means that there
really is a change in the index of �(A) from : + 1 to : or vice-versa at A = 0. �

Wrapping up the proof of Cerf’s theorem (6) Let us restate Cerf’s theorem and check
that we have really proved it.

Theorem 6 (Main theorem, [Cer70]). Let " be a closed smooth manifold and 50, 51 :
" → R be two �<, < = 3, 4, . . . ,∞, Morse functions. Then there exists a comeager
subset <

reg ⊂ < of �< homotopies { 5B} for which all critical points are non-degenerate
with the exception of finitely many birth-death bifurcations (C1, G1), . . . , (C# , G# ) satisfying
0 < C1 < · · · < C# < 1. At each birth-death bifurcation a pair of critical points with Morse
indices : and : + 1 (: ∈ {0, . . . , = − 1}) is either created or annihilated.

The setting of the theorem was a smooth closed Riemannian manifold " and two �<

Morse functions 50 and 51. Proposition 16 showed that there exists an open and dense subset
<

reg of < such that for each homotopy { 5B} ∈ <
reg, the set ({ 5B}) is a 1-dimensional

�<−1 submanifold of �×" , the set ({ 5B}; 1) is a 0-dimensional submanifold, and the sets
({ 5B}; :) are empty for : ≥ 2. The reason why the theorem is stated only for < ≥ 3, lies
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therein that the manifold (<) is only a �<−1 submanifold and thus, to apply the Sard–
Smale theorem to the equally �<−1 projection c : (<) → < we need that < ≥ 3
because its Fredholm index is 1.

Thus we have a finite (({ 5B}; 1) is a 0-dimensional submanifold of a compact space)
sequence C1, . . . , C# ∈ � such that, for all other C, 5C is Morse. Furthermore, we now know
that the only failures of { 5B} to be Morse are in ({ 5B}; 1).

Proposition 20 stated that we may further shrink <
reg such that it remains comeager and

that now two degeneracies in ({ 5B}; 1) occur at the same time. This means that for each
C8 there is exactly one degenerate critical point G8 of 5C8 and we may order the sequence
0 < C1 < · · · < C# < 1.

Proposition 21 implies that, as each (C8 , G8) ∈ ({ 5B}; 1), at all these events there is a
birth-death bifurcation and these are all birth-death bifurcations of { 5B}. Finally, proposition
22 shows that the two critical points that are born or die at (C8 , G8) have index : and : + 1,
i.e. indices are just one apart.

We see that really all parts of the main theorem have been proven.

43





References

[Cer70] Jean Cerf. ‘‘La stratification naturelle des espaces de fonctions différentiables
réelles et le théorème de la pseudo-isotopie’’. In: Publications mathématiques de
l’IHÉS 39.1 (Jan. 1970), pp. 7–170. url: http://link.springer.com/10.
1007/BF02684687 (visited on 09/02/2022).

[Hir76] Morris W. Hirsch. Differential Topology. Graduate Texts in Mathematics 33. New
York, NY: Springer New York, 1976.

[Kir89] Robion C. Kirby. The Topology of 4-Manifolds. Lecture Notes in Mathematics
1374. Berlin, Heidelberg: Springer Berlin Heidelberg, 1989.

[Lan01] Serge Lang. Fundamentals of differential geometry. Corrected 2nd printing. New
York, NY: Springer, 2001.

[Lan93] Serge Lang. Real and Functional Analysis. 3rd edition. New York: Springer New
York, 1993.

[Mil73] John Willard Milnor. Morse theory. 5th printing. Annals of mathematics studies
51. Princeton, NJ: Princeton Univ. Press, 1973.

[Sma65] Stephen Smale. ‘‘An Infinite Dimensional Version of Sard’s Theorem’’. In: Amer-
ican Journal of Mathematics 87.4 (Oct. 1965), p. 861.

[Wen] Chris Wendl. Lectures on Symplectic Field Theory. url: https://www.mathematik.
hu-berlin.de/~wendl/Sommer2020/SFT/lecturenotes.pdf (visited on
08/31/2022).

Acknowledgements

I would like to thank Prof. Chris Wendl for offering the topic of the Bachelor thesis as well
as for his advice and supervison during the course of this thesis. Furthermore, I would like
to thank Prof. Thomas Walpuski for being the co-supervisor of this thesis.

45

http://link.springer.com/10.1007/BF02684687
http://link.springer.com/10.1007/BF02684687
https://www.mathematik.hu-berlin.de/~wendl/Sommer2020/SFT/lecturenotes.pdf
https://www.mathematik.hu-berlin.de/~wendl/Sommer2020/SFT/lecturenotes.pdf


Selbstständigkeitserklärung

Ich erkläre, dass ich die vorliegende Arbeit selbstständig verfasst und noch nicht für andere
Prüfungen eingereicht habe. Sämtliche Quellen, einschließlich Internetquellen, die unver-
ändert oder abgewandelt wiedergegeben werden, insbesondere Quellen für Texte, Grafiken,
Tabellen und Bilder, sind als solche kenntlich gemacht. Mir ist bekannt, dass bei Verstößen
gegen diese Grundsätze ein Verfahren wegen Täuschungsversuchs bzw. Täuschung eingelei-
tet wird.

Berlin, den 05. September 2022,

Johannes Radu Hübers

46


	Introduction
	Morse functions, birth-death bifurcations and Cerf's theorem
	The natural linearization at a zero and the Hessian of a function
	Basic Morse theory
	Homotopies of Morse functions and birth-death bifurcations
	The topology on the space of homotopies ¶m

	Differential calculus on Banach spaces, Banach manifolds and the Sard–Smale theorem
	Differentiable maps between Banach spaces
	Banach manifolds
	Inverse and implicit function theorems for Banach spaces
	Sard's theorem for Banach manifolds

	Proof of the main theorem
	Overview
	The Banach manifolds M(¶m) and M(¶m;k)
	M({fs}) and M({fs};1)
	Events in M({fs};1) occur at different times
	M({fs};1) corresponds to birth-death bifurcations
	Morse indices at birth-death bifurcations

	References
	Acknowledgements
	Selbstständigkeitserklärung

